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> |. Some issues in fluid dynamics

»  Learning turbulent systems dynamics

»  Bayesian inverse problems
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> Issues when learning turbulent systems dynamics

1) Fluids are multiscale =% Many coupled degrees of freedom =—# Curse of dimensionality / Slow Kolmogorov n-width decay
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> Issues when learning turbulent systems dynamics

1) Fluids are multiscale =% Many coupled degrees of freedom =—# Curse of dimensionality / Slow Kolmogorov n-width decay
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2) Fluids are intermittent ==p Varying 2" order statistics + Extremes =9 Huge data set needed

3) Fluids are chaotic == Small errors quickly increases - Robustness issues for unsteady problems



>

Issues in Bayesian inverse problems / filtering / data assimilation

Data :
Numerical assimilation On-line

. . (e.g., particle filtering)
Simulation v Measurements y
- incomplete

< GENEOUE - possibly noisy

Posterior
p(wly) < p(ylv)p(v)

Likelihood

p(y|v)

Velocity

P.9




> Issues in Bayesian inverse problems / filtering / data assimilation

Data
Numerical assimilation

. . (e.g., particle filtering)
Simulation v

- erroneous

Need for uncertainty / Posterior

errors quantification
- Random dynamics

P(Ves1|Ve)

while minimizing
— errors (closure)
- CPU

p(vly) x p(ylv)p(v)

|

On-line
Measurements y

- incomplete
-> possibly noisy

Likelihood

p(¥|v)
Velocity

p. 10




> Il. Transport noise

»  Stochastic Lagrangian models
» Stochastic Navier-Stokes equations under location uncertainty (LU)
» Broader scope on transport noise (SALT, LU, ...)

In collaboration with : Wei Pan, Yicun Zhen, Bertrand Chapron, Baylor Fox-Kemper, Etienne Mémin




> A famous stochastic fluid dynamic
Stochastic Lagrangian models (SLM) (s transport noise)

v=u+v

Resolved fluid velocity:

u

Unresolved Forces:

dWw;
increments of Wiener process

(Gaussian, white wrt t)

Momentum conservation

d(ut(Xt)) = F(t, X, up)dt + Fs (t, X¢,up) o dW; (Forces)

conditionnally

Gaussian
process

white in time
and in space

Positions of fluid parcels X; :
dXt — ut(Xt)dt + O

Pope (1983, 1994), Pope & Chen (1990)
Bossy & al. (2015,2022)

p. 12



> Another approach : Transport noise
and 18t open and question : “The £70 problem”

v=u+v

Resolved fluid velocity:
u

Unresolved fluid velocity:

v t) = X 8i(x) e

dw}
dt

increments of Q-Wiener process
(Gaussian, white wrt t)

dB,
V- ) =V -us =
(a dt) :

p.13



> Another approach : Transport noise
and 18t open and question : “The £70 problem”

v=u+v

Resolved fluid velocity:
u

Newton 2"d law

Unresolved fluid velocity:

. aw; Momentum conservation
vixnt) = 2iix) e dt “d(dX;) = Forces(t, X;,u;)”

increments of Q-Wiener process Positions of fluid pa rcels Xt .
(Gaussian, white wrt t) dX; = uf(Xt)dt + 0;(X;) o dB;

dB,
V- o =V- S —
(a dt) ’

p. 14



> Another approach : Transport noise
and 18t open and question : “The £70 problem”

Mikulevicius & Rozovskii (2004)

v=u+v

: " Momentum conservation
Resolved fluid velocity:
U d (uE(Xt)) = F(t, th ut)dt + Fo-(t, Xt, ut) o dBt (Forces)

Newton 2"d J]aw .
Unresolved fluid velocity: Positions of fluid parcels X; :

i Momentum conservation s
' _ aw, dX; = uy (X¢)dt + 0¢(X;) o dB
v t) = X §i(x) o= “d(dX.) = Forces(t, X,,u.)” e = e (&) (Xe) ‘

increments of Q-Wiener process Positions of fluid pa rcels Xt .

(Gaussian, white wrt t) dXt = uf(Xt)dt + Ut(Xt) o dBt Memin (2014)

Momentum conservation

V- (o‘ o dBt) =V.-us = d(ué(Xt)) = F(t; Xt; ut)dt + Fo-(t, Xttut) o dBt (Forces)
dt

Positions of fluid parcels X; :
dXt == u{:(Xt)dt + O-t(Xt)dBt

p. 15



> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

Momentum conservation

v=u+v d(ut(Xt)) = F(t, Xt:ut)dt + Fa(t, Xt,ut) o dBt (Forces)
Resolved fluid velocity: _ _'
u conditionnally
Gaussian
Unresolved fluid velocity: process
' (x,£) = X, & (x) o d;'f white in time
e ety Positions of fluid parcels X; :
dX; = u;(Xy)dt + 0,(X;) o dB;
dB\ _ = " -
v (0 " dt > =V u=0 conditionnally
Gaussian
process

white in time

p. 16

Resseguier & al. (2017, 2020, 2021)



> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

v=u-+v

Momentum conservation

Resolved fluid velocity:

u d(ut(Xt)) — dFt (Forces)

Unresolved fluid velocity:

dw}

v'(x,t) = X (%) 0 = Positions of fluid parcels X; :
dX; = us(Xp)dt + 0, (X;) o dB,

increments of Q-Wiener process
(Gaussian, white wrt t)

( dBt>
V-loo =V-u=0
dt

conditionnally

Gaussian
process

white in time

p.17

Resseguier & al. (2017, 2020, 2021)



> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

From Ito-Wentzell

B ; formula (Kunita 1990)
v=u+tv with Stratonovich notations

Resolved fluid velocity:
u

dtut + ut . Vutdt + oo dBt : Vut dFt

Unresolved fluid velocity:

vi(xt) = X 8i(x) e

dw}
dt _
Advection Forces

increments of Q-Wiener process
(Gaussian, white wrt t)

( dBt>
V-loo =V-u=0
dt

Kunita (1990) | P18
Resseguier & al. (2017, 2020, 2021)




> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

From Ito-Wentzell
formula (Kunita 1990)

v=u+v Usual terms with Stratonovich notations
Resolved fluid velocity:
u — .
/
Unresolved fluid velocity: dtut + Ug Vutdt dFt
dw}

vi(xt) = X 8i(x) e

— Ll
= ol

dt _
Advection

Forces

increments of Q-Wiener process
(Gaussian, white wrt t)

( dBt>
V-loo =V-u=0
dt

Kunita (1990) | P-19
Resseguier & al. (2017, 2020, 2021)




> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

From Ito-Wentzell

formula (Kunita 1990)
with Stratonovich notations

v=u-+v

Usual terms

7z N

Resolved fluid velocity:
u

dF,

Unresolved fluid velocity:

vi(xt) = X 8i(x) e

dw}
dt

Advection Forces

increments of Q-Wiener process
(Gaussian, white wrt t)

dB, Skew-symmetric
(oo =V-u=0 . :
dt multiplicative
random
forcing

Kunita (1990) | P-20
Resseguier & al. (2017, 2020, 2021)




> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

From Ito-Wentzell

B ; formula (Kunita 1990)
v=u+tv with Stratonovich notations

Resolved fluid velocity:
u

dF,

Unresolved fluid velocity:
dw}

v (x,0) = & (x) 0 2

Usual terms
7z N
dtut + ut * Vutdt

Advection

Forces

increments of Q-Wiener process
(Gaussian, white wrt t)

dB, Skew-symmetric Energy conservation
.<U° dt>=v.u=0 multiplicative d 5
random _f ”ut(x)” dx =0
P dt
orcing

Kunita (1990) P21
Resseguier & al. (2017, 2020, 2021)




> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

v=u+v
Usual terms
Resolved fluid velocity:
u

Y
Ut + Ug Vut O-dBt

Unresolved fluid velocity:

vi(xt) = X 8i(x) e

th

t

_dB; Skew-symmetric
: =V-u=0 . :
"t multiplicative
random
forcing

increments of Q-Wiener process
(Gaussian, white wrt t)

Kunita (1990) | P22
Resseguier & al. (2017, 2020, 2021)




> Transport noise

Stochastic Navier-Stokes equations under location uncertainty (LU)

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

v=u-+v

Usual terms
Resolved fluid velocity:

u
Y
Unresolved fluid velocity: tut + Ut - Vut O-dBt
v (x,8) = B & (x) 0 ok
Advection
increments of Q-Wiener process
(Gaussian, white wrt t)
5, Skew-symmetric Energy conservation
( ; dt>=v°u=0 multiplicative d ) -

random Ef ”ut(x)” dx =0
forcing

Kunita (1990) | P23
Resseguier & al. (2017, 2020, 2021)




> Transport noise
Stochastic Navier-Stokes equations under location uncertainty (LU)

v=u+v
Usual terms
Resolved fluid velocity:
u

Unresolved fluid velocity:

vi(xt) = X 8i(x) e

dw}
dt

Advection Forces

S\
C(O_ o dBt, ut) — dFt

increments of Q-Wiener process
(Gaussian, white wrt t)

dB, Skew-symmetric
(oo =V-u=0 . :
dt multiplicative
random
forcing

p. 24



> Broader scope: SPDEs with transport noise
SALT, LU, ... Multiplicative noise

(transport noise)

v=u-+v

Resolved fluid velocity:
u

deqe + C(ug, q¢)dt

Unresolved fluid velocity:

vi(xt) = X 8i(x) e

C(oodB;qs)

Advection

dw}
dt

increments of Q-Wiener process
(Gaussian, white wrt t)

( dBt>
V-loo =V-u=0
dt

p. 25
Resseguier & al. (2021), Zhen et al. (2023) |




> Broader scope: SPDEs with transport noise
SALT, LU, ... Multiplicative noise

(transport noise)

v=u-+v

Resolved fluid velocity:
u

deqy + C(ug, q)dt ds;

Unresolved fluid velocity:

vi(xt) = X 8i(x) e

C(oodB;qs)

Advection

dw}
dt

— Ll
= ol

increments of Q-Wiener process
(Gaussian, white wrt t)

Examples: ¢ g could be * C(v,q) could be
V,<Uodd3tt>=v.u=0 » T (0-form) > (v-V)q
> p (n-form) > V- (vq)
> u (1-form) > (v-V)g + Vvig
> ... » Lyq
> p. 26

| Resseguier &al. (2021), Zhen et al. (2023) |



> Broader scope: SDEs with transport noise
SALT, LU, ... Multiplicative noise

(transport noise)

v=u+v

Resolved fluid velocity:

Unresolved fluid velocityi: th — F(t, Qt)dt G(Qt) o dg + .-

vi(xt) = X 8i(x) e

dt

increments of Q-Wiener process
(Gaussian, white wrt t)

Examples: ¢ g could be * C(v,q) could be
v-<aodftt)=v-u=0 » T (0-form) > (v-V)q
> p (n-form) > V- (vq)
Spatial discretization > u (1-form) > (U ) V)C[ + Vqu
(Qe); = q¢(x;) > > qu
Gk (Qp) = (C(Szk; Qt))(xi) > 0.27

| Resseguier &al. (2021), Zhen et al. (2023) |



> Transport noise
Conclusion

v=u-+v

Resolved fluid velocity:
u

Unresolved fluid velocity: Assumed
(e t) = X £ (x) o [/ (conditionally-)Gaussian
’ — LSl

dt & white in time
(non-stationary in space)

increments of Q-Wiener process
(Gaussian, white wrt t)

( dBt>
V-{oo =V-u=0
dt

p. 28



> Transport noise
Conclusion

Stochastic Navier-Stokes models
and other SPDEs

v=u-+v

Resolved fluid velocity:
u

Closure for coarse-grid simulations
e Quantification of numerical model error
for data assimilation / filtering
e Many theoretical problems
(wellposedness, ...)

Unresolved fluid velocity: Assumed
, AW .. i )
v'(x,t) = ;& (x) o —* (conditionally-)Gaussian

d & white in time

(non-stationary in space)
increments of Q-Wiener process
(Gaussian, white wrt t)

( dBt>
V-loo =V-u=0
dt

p. 29



> Transport noise
Conclusion

Stochastic Navier-Stokes models
and other SPDEs

v=u-+v

Resolved fluid velocity:
u

Closure for coarse-grid simulations
e Quantification of numerical model error
for data assimilation / filtering
e Many theoretical problems
(wellposedness, ...)

Unresolved fluid velocity: Assumed
dw; (conditionally-)Gaussian

v'(x,t) =Y &(x) o—=
(6, 8) = 280 ° %, & white in time
(non-stationary in space)

increments of Q-Wiener process
(Gaussian, white wrt t)

dB
v-<aodtt>=v-u=o LU SALT
Memin, 2014 .
' Crisan et al., 2017
i Holm, 2015 ’
Resseguier et al. 2017 a, b, c, d Gay-Balmaz & Holm 2017

Mikulevicius & . Holm and
.. Cai et al. 2017
Kraichnan, Rozovskii, 2004 Tyranowski, 2016 Cotter and al. 2018 a, b
Chapron et al. 2018 y Cotter and al. 2019

References . .
1968 Flandoli, 2011 Yang & Memin 2019 Arnaudon et al. 2017

Cotter and al. 2017, Resseguier et al. 2020, 2021, Zhen et al. (2023), ... p. 30




> Transport noise
Conclusion

Stochastic Navier-Stokes models
and other SPDEs

v=u-+v

Resolved fluid velocity:
u

Closure for coarse-grid simulations
e Quantification of numerical model error
for data assimilation / filtering
e Many theoretical problems
(wellposedness, ...)

Unresolved fluid velocity: Assumed
dw; (conditionally-)Gaussian

v'(x,t) =Y &(x) o—=
(6, 8) = 280 ° %, & white in time
(non-stationary in space)

increments of Q-Wiener process
(Gaussian, white wrt t)

dB;
V-(ao = =V-u=0 LU SALT STUOD
I\R/Igsn:eng’]jigiit al. 2017 a,b,c,d | Holm, 2015 Crisan et al, 2017 T 2020 2026
Mikulevicius & Caietal, 2017 o Holm and g%;?aellrr:ja;&zlgfgmazgl7 + Many papers !!!
References & Kreienaan. Elgzn%\sr Ilé()2f104 Chapron etal. 2018 Tyranowsid, 2016 - 2o and al. 2019 from teams of Pls:
1968 ’ Yang & Memin 2019 Arnaudon et al. 2017 « B Chapron
« D Crisan
Cotter and al. 2017, Resseguier et al. 2020, 2021, Zhen et al. (2023), ... * DDHolm p 31
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> Transport noise
Conclusion

Stochastic Navier-Stokes models
and other SPDEs

v=u-+v

Resolved fluid velocity:
u

Closure for coarse-grid simulations
e Quantification of numerical model error
for data assimilation / filtering
e Many theoretical problems
(wellposedness, ...)

Unresolved fluid velocity: Assumed
dw; (conditionally-)Gaussian

v'(x,t) =Y &(x) o—=
(6, 8) = 280 ° %, & white in time
(non-stationary in space)

increments of Q-Wiener process
(Gaussian, white wrt t)

-

Lang & Crisan (2023, 2024)
Goodair et al. (2024)
dB e
V- (0 ° t) —V-u=0 LU SALT B (o STUOD
dt Memin, 2014 T

e Holm Crisan et al., 2017
' Im, 2015 , _
Re;sstg:m;r it al. 2017 a, b, c, d m 20 e | - o

Chapron et al. 2018 Tyranowski, 2016 Cotter and al. 2018 a, b : Ma? ) pape][SP!I!!
. ’ rom teams o S.
Yang & Memin 2019 Arnaudon et al. 2017 Cotter and al. 2019

Mikulevicius &
Kraichnan,  Rozovskii, 2004

References . 1968 Flandoli, 2011

B Chapron

« D Crisan

« D DHolm p. 32
« E Mémin

Cotter and al. 2017, Resseguier et al. 2020, 2021, Zhen et al. (2023), ...




> lll.  Multiplicative score-based generative model

Big picture

Dynamics on d-spheres & Fokker-Planck equations
Latent space

Backward diffusion with a neural network & ELBO
Numerical results

Open questions

YVVVVVYY

In collaboration with : Merveille Talla, Robert Gruhlke, Dominique Heitz , Etienne Mémin




> State-of-the-art : Diffusion models / DDPM / SGM

2 1

g _ 21 N

§ ‘500 backward SDE I ; :<_ ;o ~ /\/’(0, I,)

B e mor s i e e D R A N R o e B R D N R o A B At B e I I3

S =Tt e e e e

s ' SGM (additive noise) : | = !
, “— “— “— | : }; — ZN I
: dzct:mtdt—l—ﬂ(ag(mt,T—t)dt—l—odBt) | | 0 0 :

forward SDE: d;s — —gsds +v20 dB

Song et al. (2021). in ICLR
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> State-of-the-art : Diffusion models / DDPM / SGM

81

backward SDE

P e e e e e e e o e e o e e e e e e e e e e e e — — —

: SGM (additive noise)
ﬁ
: df’Et :gtdt—i—ﬂ(ag(gt,T—t)dt—i—OdBt)

target space

forward SDE: d;s — —gsds +v20 dB

S white noise
21
W I (—N
3 - _‘
= |
— —N |
|

Song et al. (2021). in ICLR
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> State-of-the-art : Diffusion models / DDPM / SGM

81

backward SDE

P e e e e e e e o e e o e e e e e e e e e e e e — — —

: SGM (additive noise) '

: df’Et :gtdt—i—ﬂ(ag(gt,T—t)dt—i—OdEt) |I

target space

forward SDE: d;s — —gsds +v20 dB

[«P]

&

21

17,] I (—N

=

~—

'_&' |
— —N |

|

Song et al. (2021). in ICLR
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> State-of-the-art : Diffusion models / DDPM / SGM

target space

81
8

Limitations of diffusion models / DDPM / SGM

>

>
>
>

Hardly represent rare events

Need a lot of data

Computational cost for reverse process

For applications in Physics, no underlying physical structure

backward SDE

= e e e e e e e e o e e e e e e o e e e e e e e e e e — —

SGM (additive noise)
H
df’Et = gtdt + \/5(0,9 (gt, g = t)dt + OdBt)

forward SDE: d;s = —sts + 12 0 dB,

[«P]

&

21

17,] I (—N

=

~—

5 |
— —N |

|

Song et al. (2021). in ICLR




> A new generative method :
multiplicative diffusion models (MSGM)

_>
forward SDE: dzs — G(;S) odB,

©
5| 2
B £
25
o)
| MSGM (multiplicative noise)
- — — s
o : dzct=G(wt)(ae(wt,T—t)dt—i—odBt)
&, TTTTTTommmmmmmm s
2 W backward SDE
& L _____
S
8 SGM (additive noise)

I
I
I =
I

dzct = ;tdt 4+ \/§(a9 (;t, T — t)dt —+ Od§t>

forward SDE: d;s = —zsds ++vV20dB.

Gruhlke et al. (2026) in ICLR




> A new generative method :
multiplicative diffusion models (MSGM)

Multiplicative noise (e.g. transport noise

ﬁ
da g

forward SDE:

©
5 2
Al &
S| s
3
| MSGM (multiplicative noise)
' dE, = G(® %.. T — t)dt + odB
g , x:=G(x:)(as(xy, )dt + odBy)
& . TTTTTTTTomommmmmmmmmomoooos
2 T oo backward SDE
=T))
S
S

Gruhlke et al. (2026) in ICLR




> A new generative method :
multiplicative diffusion models (MSGM)

Multiplicative noise (e.g. transport noise

©
5 2
Al &
S| s
3
| MSGM (multiplicative noise)
' dE, = G(® %.. T — t)dt + odB
g , x:=G(x:)(as(xy, )dt + odBy)
& . TTTTTTTTomommmmmmmmmomoooos
2 T oo backward SDE
=T))
S
S

Gruhlke et al. (2026) in ICLR




> A new generative method :

MSGM

Our method

target space

81
8

Multiplicative noise (e.g. transport noise

multiplicative diffusion models (MSGM)

Xstds = Xs—as T £ gs X

= skew-symmetric matrix

Random rotations

=  white noise in time

MSGM (multiplicative noise)

|
I
dz: = G(z,)(ag(ms, T —t)dt + OdEt) :

B o e e e e o e e e mmm e e mmm mme mme S S mmm mme Eem e e mm mmm e e

backward SDE

N =N |

< A < .’.CO

T 0 f(||wo ||) W I
0 |

Gruhlke et al. (2026) in ICLR




> A new generative method :

MSGM

Our method

target space

81
8

Multiplicative noise (e.g. transport noise

multiplicative diffusion models (MSGM)
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> A new generative method : Random rotations
multiplicative diffusion models (MSGM) Xstds = Xs—as + Las Xs

= skew-symmetric matrix
= white noise in time

Multiplicative noise (e.g. transport noise

ﬁ
da g

forward SDE:

©
S| £
O v .
£ : equiprobable
3 directions
|
| MSGM (multiplicative noise) | = NH) gé\f |
— 0 a4 '
g : de; = G(gt)(ae (Zt, T — t)dt + odBy) : 1o I |
- e - T N i
2 T oo backward SDE — x5 ~N(0,I,)
=)
S
&
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> A new generative method :
multiplicative diffusion models (MSGM)

MSGM

Our method

target space

81
8

Multiplicative noise (e.g. transport noise

ﬁ
da g

forward SDE:

Xstds = Xs—as T £ gs X

Random rotations

skew-symmetric matrix

=  white noise in time

MSGM (multiplicative noise)
— — — o
dae; — G(azt)(ae(mt, T — t)dt + odBt)
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backward SDE

v' (tractable) latent pdf closer to data pdf

v' SDE/ODE denoising with ANN fitted by score matching

v' Enable physics-informed noising & denoising

5
—
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> Forward diffusion

=|
7}

d¥, = G(%) o dB, Or dX; = [o dZ,]

R —> . d k —_—>
with G(x) = [G'x ... G%x] with Zs = 231 G (Bt)k

» Assumptions

1) (Gk)k skew-symmetric matrices

2) Im(G(x)) =xt, vx#0

p. 54
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> Forward diffusion

=|
7}

d¥, = G(%) o dB, Or dX = [0 dZ,]

. —> . d k —>
with G(x) = [G1x ... G%x] with Zs = 2 }-1G (Bt)k

» Assumptions

1) (Gk)k skew-symmetric matrices

2) Im(G(x)) =xt, vx#0

P. 55
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> Forward diffusion

=|
7}

d¥, = G(%) o dB, Or dX = [0 dZ,]

R —> . d k —_—>
with G(x) = [G1x ... G%x] with Zs = 2k=1 G (Bt)k

» Assumptions

1) (Gk)k skew-symmetric matrices

2) Im(G(x)) =xt, vx#0

What happens to the distribution of X, whent — o0?
p.56
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> Fokker-Planck equation

Theorem 1 (Gruhlke, Resseguier, Talla. 2026)
Under 1),

0P, 1
a—i(x) =V, (EZ(x)les(X)>,x € R%.

with Z(x) = G(X)G(X)T, X =2

lll
Vi=U; —x,x;)Vforx #0and V,:==Vforx =0,
the orthogonal projection of V on the tangent space x*.

Moreover, if assumption 2) hold, then any stationary density of p, is rotation-invariant on R%.

p.57
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> Dynamics on d-spheres

Proposition (Gruhlke, Resseguier, Talla. 2026)
Distribution of the norms: Under 1), forall t > 0, ||x.|| = ||%,]]

Distribution of the directions (Fokker Planck equation):

Under 1) and 2), let pJ € C’Z(Sd_l),

ap;l n 1 n ne.n n d—1
s x") =V, - EZ(x W p2(x™) |, x™ e §¢7 -,
with 2(x™) == G(x™)G(x™)", x™ = ”—i",

* The Fokker Planck equation on S?~1 has unique density solution p?* € €%(S%1) forall t > 0.

* There is unique invariant measure p, of the Fokker Planck , the uniform distribution on the
S4-1 with density

1 _ _
pl (x™) = = |S%~1| the volume of $4-1. .

Gruhlke et al. (2026) in ICLR




> Distribution in the latent space

Theorem 2 (Gruhlke, Resseguier, Talla. 2026)
let D = R%,d > 1, Xy ~ pg € C*(D), pj,| the density of || X, I,
Under 1) and 2),

» The Fokker-Planck equation define on D has the stationary distribution

poo(x) — p||(” X ”) Il x ”d—l |§d—1| .

» There exist « = a(G,d) > 0 such that
I Pe = Peo 2 (gay < exp(—at) | Po = Poo Iz (gay,
where the convergence rate « is given by :

a(G,d) =(d—1) min I6"Cy 17,5 ={(xy) €S xS |x Ly}
x’y

P. 59
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> Distribution in the latent space

Corollary (Gruhlke, Resseguier, Talla. 2026)

Under 1) and 2),

Xr
X7l
o lxr |l =1%o |l
« || X7 |l and X} are asymptotically independent when T — +o

L
- XR= > U~U(S4 ) when T - +oo

we sample X as:

%
%7

f (||9?7]~‘f||) parameterized by the distribution the one-dimensional variable |||,

= ([ ]) e 2 ~ (0,10,

N
T
N
T

p. 60
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> Backward diffusion with a neural network

Proposition (Gruhlke, Resseguier, Talla. 2026)

Under 1), the reverse-time SDE is given by :
dx; = G(x)G(x,) Vi log pr_, (k)dt + G(Xy) © dBy

p. 61
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> Backward diffusion with a neural network

Proposition (Gruhlke, Resseguier, Talla. 2026)

Under 1), the reverse-time SDE is given by : -
dx; = G(x;) g(xt)TVftlog pT—t(xtz dt + G(X;) o dB;

Goal: find ay which maximize the likelihood of the observed data X : p,(x|0)

>> Too difficult... So, let’s maximize the ELBO!

p. 62
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> Backward diffusion with a neural network

Proposition (Gruhlke, Resseguier, Talla. 2026)

Under 1), the reverse-time SDE is given by : .
dx; = G(x;) E}(xt)TVftlog pT—t(xt2 dt + G(X;) o dB;

Goal: find ay which maximize the likelihood of the observed data X : p,(x|0)

>> Too difficult... So, let’s maximize the ELBO!

Theorem 3 (Gruhlke, Resseguier, Talla. 2026)
Under 1), we have this ELBO

T
- - 1 - - -
Po(x16) > £ (x16) = Ellogpo(iplio = 1 - [ B, [5 lag G, DI + Vi, - (GGEag (Fs, ) | ds
0

p. 63
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> Backward diffusion with a neural network

Proposition (Gruhlke, Resseguier, Talla. 2026)

Under 1), the reverse-time SDE is given by : .
dx; = G(x;) E}(xt)TV,;tlog pT—t(xtz dt + G(X;) o dB;

Goal: find ay which maximize the likelihood of the observed data X : p,(x|0)

>> Too difficult... So, let’s maximize the ELBO!

Theorem 3 (Gruhlke, Resseguier, Talla. 2026)
Under 1), we have this ELBO

T
1
po(x]0) = € (x|6) = E[logpy(X7)|Xe = x] — J Eg, [E lag (X, )11 + Vs, - (G(fs)ag(fs,s))] ds
0

|

In practice, V - g = E,[v'V;,g"v] (sliced score matching)

p. 64
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> Method summary

_>
forward SDE: dzs — G(;S) odB,

MSGM
Our method

MSGM (multiplicative noise)
— — o
dx: = G(a:t)(a,g(:ct, T — t)dt + odBt)

Q)

<&

B R e i mm ———— o i
&

2 B backward SDE

80 oo
e

= SGM (additive noise)

I
I
I =
I

dzct = ;tdt 4+ \/§(a9 (;t, T — t)dt —+ Od.gt)

forward SDE: d;s = —zsds ++vV20dB.

W

Gruhlke et al. (2026) in ICLR




> Rare events generation, in low dimension

Dense tensor G¥

M}j ~ N(0,1) (iid) and G* = %(Mk - (Mk)T)

Measure
vorticity
fields

16-dimensional data
points from PIV

1024 data
train points
only

1 1
-
) *

SGM

(state-of-the-art)

A

1 1 1 1

/\

3

© test

4

gen.

e A

B

3

MSGM

(our method)

© test
-~ gen.

_/x

/N
_:"
Ld
a
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> Rare events generation, in low dimension

Dense tensor G¥ M5 ~ W'(0, 1) (iid) and G* = %(Mk - (Mk)T)
SGM MSGM
(state-of-the-art) (our method)
© test © test
Measure { E - { k_h -
vorticity

fields 37 31" g
16-dimensional data & T # m N , QB}
points from PIV =3 4 3 o
4 4 .
1024 data m - * - ’ m . * . ‘ A‘
train points P . N [i ul AN R
only 3¢ 4 3 e oo
e e e A e e e A
= o 5 o o
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> Rare events generation, in low dimension

Dense tensor G¥ M5 ~ W'(0, 1) (iid) and G* = %(Mk - (Mk)T)
SGM MSGM
(state-of-the-art) (our method)
@® test @® test
Measure GAL B ﬁh B
vorticity

fields > g
16-dimensional data Lo " m Lo ’ @l

points from PIV =3 = -3 4

4 1 4 -

1024 data - - * ! - - ,' /\%‘
train points P A W N L

only 34 ‘ 371 .

e e e A |-l le e A
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> Rare events generation, in low dimension

Dense tensor G¥

ME ~ N'(0,1) (iid) and G* =2 (M* — (M*)")

Measure
vorticity
fields

16-dimensional data
points from PIV

1024 data
train points
only

= P(]x]| > R)
IS ) 2

SGM
(state-of-the-art)

g - test
%) —geNn
3 7 10 0 1
: 10 10
| # R
_3 ] - T T T
4 -
'4 B . E— h A
3 - J J .
-3 ] 1 1 T I : I‘ 1
-4 4 -3 3 -4 4 -3 3
1 2 3 4
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1

W
1

s 8D
®

B
1

1

MSGM

(our method)

10°

107"

P(||x]| > R)

107

S(R)

107

| .
| J J ’
-3 1 I T T II T
4 4 3 3 4 4 -3 3
1 2 3 4
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> Rare events generation, in low dimension

1024 data B e

Dense tensor G* M ~ (0,1) (iid) and G* = %(Mk - (Mk)T)
SGM MSGM
(state-of-the-art) (our method)
Measure A £ & "
vorticity e” —w 2" ==
fields 31 & i ° 1 e
16-dimensional data & T ‘f & #
points from PIV 5 o S =L

®
>
3
®
P>

train points Al . .
only 34 4 | . 34. 3 , ,
e e le Al -lelele A
R/an S s S s R/an S s S s
1 2 3 4 1 2 3 4
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> Rare events generation, in low dimension

Dense tensor G* MK ~ ' (0,1) (iid) and G* = £ (M* — (M*)")
SGM MSGM

(state-of-the-art) (our method)

Measure A E £

vorticity = s

fields 31, v
16-dimensional data i i N
points from PIV 5 o S

"
+
ﬁ
S(R)
3

1024 data m ol
train points 4
only

p.71
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> Generation of fluid dynamics images (large dimension) with transport noise

Sparse tensor G

p.72



> Generation of fluid dynamics images (large dimension) with transport noise

Sparse tensor G
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> Generation of fluid dynamics images (large dimension) with transport noise

Sparse tensor G

iter 0 (t=0.0000000s)
Forward SPDE
d%, = G(X,) o dB,
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> Generation of fluid dynamics images (large dimension) with transport noise

Sparse tensor G

iter 0 (t=0.0000000s)

Forward SPDE
d%, = G(X,) o dB,

Open questions related about MSGM with sparse tensors

Assumption 2) does not holds!

2.

Is a weaker assumption holds?
(Im(G(x)) = x*, for almost every x in R% )
s it sufficient?

. Convergence of the forward SPDE?

To which distribution?

For convergence to weak white noise,
statistical physics suggests additional constrains on the
transporting Q-Wiener process

Speed of convergence? as t=h?

Accelerate convergence with (skew-symmetric) drift,
possibly a transport-based drift

dX, = Fi.dt + G(%;) o dB,

P.75



MSGM conclusion

» New generative model paradigm
» General algorithm proposed
« Simple sampler for non-Gaussian latent vectors X,
e (scaled) score learned by sliced score matching (SSM)
* Allow both SDE and ODE denoising
» Theoretical results proofed (theorems):
* Fokker-Planck equation of forward diffusion & its invariant measures
« Diffusion convergence (exponentially fast) to a white noise in the weak sense
* QOur score matching = maximizing the ELBO
» Applications
* rare /events extremes : MSGM need less data

* Image generation, with sparse tensors
p.76



> Other open questions
MSGM outlooks

10.

11.
12.

13.

Analytic solution sampler for the forward SDE at finite time s
to accelerate the training (as Orstein-Uhlenbeck sampling in classical SGM)

Analytic expression for the (scaled) score, G(x)'V,log ps(x) at finite time s
to enable denoising score matching (DSM) instead of inaccurate sliced score matching (SSM)

Asymptotic results for d — 400 ?
e.g. from the free multiplicative Brownian motion theory

Multiplicative Flow Matching, with stochastic interpolants on the d-sphere geodesics
Score in Bayesian inverse problem / data assimilation
Ve logps(x|y) = Vi logps(x) + Vi logp(y|xs) where V;logp(ylxo) = 25" (y — Hx)

learned =?

What about nonlinear Forward S(P)DE (e.g. Navier-Stokes LU) ?
dx, = F(xX,)dt + G(X;) o dB;

P.77



2 V. Beyond classical transport noises

» Scale symmetry

» Gaussian processes multiscale in time
» Gaussian multiplicative chaos

» Open questions

In collaboration with : William Antolin, Carlos G Belinchon
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> Scale symmetry
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> Scale symmetry
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> Scale symmetry
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> Scale symmetry
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> Scale symmetry
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> Scale symmetry

Spectrum

e | — Y

1 ~112
ogl|D|| .

modelled
with
stochastic
process

!

v=u+v resolved from

physics
Resolved fluid velocity:
u
Unresolved fluid velocity: V=
dB " A

v'(x, 1) = 0 (x) 0 22t R T R T

=V X (l,b *0 @) effective | ,TI |n coarse grid

dt coarse resolution 1, 4z - resolution

v

— + ik-x o dBy (k)
=Yrik xXI1(k)e 0

increments of Q-Wiener process
(Gaussian, divergence-free, white wrt t) ™

log of wavenumber
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> Scale symmetry & two-way coupling

v=u+7v

Resolved fluid velocity:
u

Unresolved fluid velocity:

; — @y
% (X, t) _ O'(X) & dt

. , 4Bt

—VX(t,b* dt)

= i ik.xo@
=Yrik xXI1(k)e 0

increments of Q-Wiener process
(Gaussian, divergence-free, white wrt t)
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Spectrum

modelled
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resolved from
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> Scale symmetry & two-way coupling

Spectrum
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> Scale symmetry & two-way coupling

v=u+7v

Resolved fluid velocity:
u

Unresolved fluid velocity:
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> Scale symmetry & two-way coupling
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> Scale symmetry & two-way coupling

Spectrum
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> Scale symmetry & two-way coupling
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Implicit regularization :

. ope .01
no singularities! P-9




> Scale symmetry & two-way coupling
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For transport noise
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log of wavenumber
Implicit regularization :

. ope .92
no singularities! B9




> Scale symmetry & two-way coupling

log||9]|2 Spectrum
4 e

. Coupllng - mOde”ed
Stochastic transport | with
v’ injected in physics equation, L | stochastic

. I .
through transport noise : | | Process Residual spectrum Iy
! Iy = cst. ||kl = — [|u@]|?

diu+ (udt + o0 odB;)-Vu=dF

Resseguier et al. 2017b, 2020, 2021
For transport noise

resolved from
physics

v=u+7v

Resolved fluid velocity:
u

Unresolved fluid velocity:

; — @y
v (x,6) = 0(x) 0 22

effective | - coarse grid
coarse resolution L, 4x -  resolution

. , 4Bt

—VX(t,b* dt)

= i ik.xo@
=Yrik xXI1(k)e 0

increments of Q-Wiener process
(Gaussian, divergence-free, white wrt t) ™

log of wavenumber
Implicit regularization :

no singularities! P-93




> Simple noise 0,(x) : v’ fractal in x
Usual transport noise

Gaussian noise

/

Noise =dN;(x) = dB¢(x)

v=u+7v Gaussian noise Resseguier et al. 2017b, 2020, 2021
E{ dB;(x) dB;(x + 8x)} < §(6x) dt For transport noise

Resolved fluid velocity:
u

Full turbulence field

Unresolved fluid velocity:

— 2
v/ (x,8) = olx) o e —E[|dB. ()" =1
—p—d+1
— 2
B[ (o|* = 2 Ieliry o (1457
increments of Q-Wiener process > E(”k”) = ¢ ko”k””{]\’(k)”Z ~ cst. ”k”_P

(Gaussian, divergence-free, white wrt t)

> E(w) = [ dx ||5’(x, a))”Z = [ dk |{7A\r(k’ w)”Z ~ cst. d—1

P. 94




> Simple noise 0,(x) : v’ fractal in x
Usual transport noise

Gaussian noise

/

Noise =dN;(x) = dB¢(x)

v=u+7v Gaussian noise Resseguier et al. 2017b, 2020, 2021
E{ dB;(x) dB;(x + 8x)} < §(6x) dt For transport noise

Resolved fluid velocity:
u

Unresolved fluid velocity: Full turbulence field

1 — 2
v'(x,t) =0(x) o % aE”dBt(k)” =1 Not realistic
—p—d+1

. 2
dt E[7(0|* = = lIKIITy « (1 + “’;2 ) 2 /
increments of Q-Wiener process > E(”k”) = ¢ ko”k””{)\’(k)Hz ~ cst. ”k”—P

(Gaussian, divergence-free, white wrt t) . 2 ~ 2
> E() = [ dx [0 = [di |[v/(k )| ~est.w??

P. 95




> Better noise O:(x) : v’ fractalin x and t
Causal simulation with scale-dependent Ornstein Uhlenbeck

v=u+7v

Resolved fluid velocity:
u

Unresolved fluid velocity:

dN
v'(x,t) =c(x) o d—tt

:Vx(w*o%)

= ¥ ik X T (k) ek % o
inerementsof-Q-Wienerprocess
(Gaussian, divergence-free, white-wrtt)

Gaussian noise

/

Noise =dN;(x)=0;(x)dt
Gaussian noise

~ GP(0,9)
E{ 0;(x) O;(x + 6x)} o< §(6x)

Spectrum

NlH

-1
Y—1

B (|80 || o« 2

k|2
FTERTYBE with 7o(k) « (1 -+ )

0

Causal simulation

d0,(k) = — (k)O(k)dt+ / (k)dwl(k)

O¢(—o9 ~ space white noise
dW2 ~ space-time white noise

Avellaneda & Majda (1990,1992),
Piterbarg & Ostrovskii (1997);
Chaves et al. (2003),

Reneuve & chevillard (2020)
Chatelain et al. (2025)

1
Heyy :E(p_l)
_E_lp__l_Heul
B_Z_Zy—l_y—l

Cifani & Flandoli (2025)
Blessing, Crisan, & Lang (2026+)

For transport noise

.96




> Better noise O.(x) : v’ fractalin x and ¢t

v=u+v

Resolved fluid velocity:
u

Unresolved fluid velocity:
v'(x,t) =0(x)o %

ZVX(IP*O%)

= Y ik X /Ty (k) etk*

: £ O
(Gaussian, divergence-free, white-wrtt)

Gaussian noise

Avellaneda & Majda (1990,1992),

Piterbarg & Ostrovskii (1997);
Chaves et al. (2003),
Reneuve & chevillard (2020)

Noise =dN;(x)=0;(x)dt Chatelain et al. (2025)
Hey = E('O - 1)

B = z_1p-1 _ Hew
Gaussian noise 2 2y-1 y-1
~ GP (O: 5) Cifani & Flandoli (2025)
[E{ 0, (x) 0; (X + 5X)} o 5(53() Blessing, Crisan, & Lang (2026+)
For transport noise

Full turbulence field
—p—d+1

= 2 (k) ~, 2 . -~ 2 [l Ell
Pkl i e =0l wen Pk =0 = (14 )

1p

and 7y (k) « (1 + ||k||2> o
—~ 2
> Bkl = § doylliell | de [k, 0)]|" = § dollkll [ de |0/ (e, )| ~ st lIKlI=*

> E(w) = [ dx |[v/(x, a))||2 = [ dk ||1§’(k, a))”2 ~ cst.w™? | Realistic -

similar to fractional Brownian motion




> Better noise O.(x) : v’ fractalin x and ¢t

v=u+v

Resolved fluid velocity:
u

Unresolved fluid velocity:
v'(x,t) =0(x)o %
_ , dNe
= U (I’b e ) n
= Y ik X [Ty (k) eth* o ==L

inerements-of- Q-Wienerprocess
(Gaussian, divergence-free, white-wrtt)

AN (x)=0:(x, t)dt

6.0 = ——1 5 2 o
A0, (k) = = 5 0c(k) dt + /To(k)th (k)

O¢~=¢ ~ space white noise

dW} ~ space-time white noise
1p-1

IIkIIZ)_Eﬁ

kg

To(k) x (1 +

> E(llkll) ~ cst.||k||?
» E(w) ~cst.w™
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> Even better noise O,(x) : v' multifractal in x and t
Gaussian Multiplicative Chaos (GMC)

Intermittency Gaussian noise Peirera et al. (2016)
Chevillard et al. (2019, 2020)

\ / Ruffenach & Chevillard (2026)

Noise =dN;(x)=¢€;(x)0;(x)dt

Gaussian noise
v=u+v O ~ GP(0,6)
E{ 0;(x) O;(x + 6x)} o< §(6x)
Resolved fluid velocity:

u Intermittency
€:(x) = exp(log €:(x) — Var(log ét(x)))
log € ~ GP(0,log; )

E|llog & (0| = ¢, 7%

Unresolved fluid velocity:

dN
v'(x,t) =c(x) o d—tt

=VX(¢*O%)

= Y ik X [Ty (k) eth* o ==L
: £ O
(Gaussian, divergence-free, white-wrtt)

P99




> Even better noise O,(x) : v' multifractal in x and t
Gaussian Multiplicative Chaos (GMC)

Peirera et al. (2016)
Chevillard et al. (2019, 2020)
”U’ ” Ruffenach & Chevillard (2026)

Noise =dN;(x)=€;(x)0;(x)dt

0 —__195 _2 gl
d0,(k) = =0, (k) dt + /TO AW (K)
v=u+v' O;—o ~ space white noise

dW} ~ space-time white noise

Resolved fluid velocity:

u
Similar construction for log &;

Unresolved fluid velocity:

dN
v'(x,t) =c(x) o d—tt

> E(|lkll) ~ cst.|[k||°
» E(w) ~cst.w™

(Gaussian, divergence-free, white-wrtt)

p. 100




> Open questions

* Mathematical meaning of the transport noise SPDE : d;u + (udt + o o dN;) - Vu = dF
* For g o dN; fractal in space and time (rough path?)
* For g o dN; Gaussian multiplicative chaos with steady intermittency
* For g o dN; Gaussian multiplicative chaos with unsteady intermittency

* Wellposedness of the transport noise SPDE

* Filtering / Bayesian inverse problem
* With Fractal
* With Gaussian multiplicative chaos
* With transport noise SPDE

p. 101



¥ Conclusion
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> Conclusion

* Transport noise

* Established framework
e Solid theory
* Many codes and calibration methods
e A full community
 Still new research paths appearing
* Compressible flows, waves
e Eulerian-Lagrangian, point vortex methods

e @Girsanov-based maximum likelihood estimation

e Link to free multiplicative Brownian motion

* Multiplicative-noise-based generative artificial intelligence
* New research domain
« Diffusion, Langevin, flow matching, ...

* So many open gquestions

* Beyond white noise
* Fractal transport noise : some first results

* Multifractal transport noise : terra incognita

p. 103
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