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Plan:

e General knowledge

e “Dynamic” approximation of a Lévy process
e Optimal cutting level

e Euler scheme for a Lévy-driven SDE

e Simulations
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Introduction

Z is a Lévy process: independent increments, time-homogeneous.
Lévy triplet: (¢, Q,v).

Lévy-lto decomposition:

Z(t) = 2(0) + ¢t + QB(t)+/O /O | <1yl\7(dy,ds)+/() /| YNy ds)

where
N((0,t],A) :=#{s € (0,t] : AZ; € B}, AeB(R\{0})

is the Poisson random measure associated with Z, v is the Lévy measure,

N(ds,dz) = N(ds, dz) — v(dz)ds is the compensated Poisson random measure.

Problem for simulations:

Z: contably many jumps in [0, T].
e How to simulate 7,7
e How to simulate a Lévy-type process? Lévy-driven SDE?
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How to simulate an inf. divisible distribution:

n o0
Zy = Z(Ztk —2Zy_,) = Zztk*tk—17 ti € My
k=1 k=1
e Indirect way: use the construction of Z
e.g., Chambers, Mallow, Struck’76 (for a-stable), Michael, Schucany, Haas'76
(NIG)

e Use a distribution which is easy to generate, then apply Acceptance-Rejection
method
e.g., for Gamma distribution, Meixner distribution etc.

e Use a Compound Poisson approximation: e.g. Damien, Laud and Smith'95,
Bondesson'82.

e Use Compound Poisson, but substitute small jumps by normal variables
Asmussen, Rosinski'01

Zél)(z)’AR(t) = t(¢ _/ Y uv(du)) + +o(8)B(t) + Z Liaz(s)>sAZ(s).
o< |u|<1 s<t

where 02(8) := flﬂ|§5 u?v(du).
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Idea: Given (L, C2), show that there exists a (Feller) process, associated with
(L G).

Idea: p(t,x,y) = p°(t,x,y) + R(t,x,y), where

a) pC is the “proxy” density (small jumps only, less than ¢(t) for some ¢)
a) sup, [[R(t, x, )L, <t

Refinement: (e.g., a-stable-like case, (b(x), 0, v(x, du)),
v(x, du) = |u|~9=*X)du):

p(t,x,y) = p(t,x,y) + R(t, x, y),
where p ~ (a(x),0, b(x), v(x, du)), sup, [|R(t,x, )|, < t°.

Problem:

e Simulate Z(t), by cutting away small jumps of size, less than some ¢(t);
e “restore” small jump part.
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Setting and Assumptions (symmetric case)

N(r):=v(u>0:u>r), 7(t):=sup{r>0: N(r)>1/t}, t,r>0. (1)

Pruitt function (Pruitt’81):

BHE) = / el

Assumptions:

v is abs. continuous; (A1)
N(r) < t(1/r), r>0. (A2)

From (A2): Jag, a € (0,2) s.t.

r= < N(r) < r >, re(0,1]
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First-and-second order approximations

Cutting level: 7((sh)€), e,h >0

First order approximation:
ZyPO(t) = Zo+ 0t + Z, 0T (0) + 07 (1), £>0, 2)

Z§§’+(t) = ZAZS]-AZSZT((Sh)E)a Zlfg’_(t) = Z AZS].AZSS,T((S;,)E)

s<t s<t
are the upward and downward jumps.

Second order approximation: (t —fixed)
ZpP(t) = 2 (1) +one(OW, W~ N(0,1) 3)

VE(R) =3 5 [lyjcrise) Pr(du)ds, oF (£) := tV(th).

Weak approx. rates for f € C}: similar to AR'01
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Weak approximation rates

Theorem 1
Let f € CL(R). Then

sup_[EF(Z(2)) ~ EF(ZEP(8)| < COOTr((ThY)(TH) 2.
te[0,T] ’

sup [EF(Z(2)) ~ EF(ZRP(9)| < COTr ((Th)") (In(Th)*| + fin T))
te[0,T]

Example, a-stable

Qlm
nin

sup [EF(Z(t)) ~EF(ZyP(e))] 5 h
t€[0,1] ’

sup |EF(Z(t)) Ef(Z,f’EDC(t))‘ < h& |In kel
t€[0,1] ’
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Sketch of the proof

R(t) - 2(e) — 220 // ., (du,ds) = > Y(e/m). (@)

[Ef(Z(t)) = Ef(Z4PC(1))] S EIR(t)] < VEIR(t)]? < v/Var R(t)

|EF(ZHPO)(t) + R(t)) — EF(ZXPO(t) + (1) B(1))]

< / [Ef (x + R(t)) — Ef (x + o (t)B(1))|P(ZPC(t) € dx)
S o(t) / P((o(£)R(t) < y) —P(B(1) < y)|dy.

Then Esseen’s Thm + Burkholder-Davis-Gundy ineq. for moment est. for R(t).
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Optimality
e reasons for DC
e optimal cutting level (e.g., choice of € in 7((sh)))

Example. ¢(t): cutting level. Define (again, assume symmetry)

T
Xr ::/ / N(dt, dz) + / / N(dt, dz) =
0 \2|§¢(t) \2|>¢(t)

E(p) :==VarR?, J(¢) :=EYY.

Optimize:
E(¢) — min, subject to J(¢) = Jo.

N(r) < r=*, re(0,1].

~

Proposition
(A1)-(A2), o € [0,1/a), Jo > TN(1) = (t) = (c*t) A L.

:RY+ Y7,

c*: from the constraint J(¢) = Jo.

o(t) =7(t) =t/* = €=o0/aisoptimal.
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Lévy-driven SDE

Xt:XO—i—/ (s, X5) ds+/bsX)dB +// (s, Xs—, 2) dsdz)

Assumptions
Q Al, A2;
@ Lipschitz + Peano cond. Lip. constants: L, ,(t), Lc(t,2)
Q@ L(t,))el, p>1
M,(-) € Le([0, T]) for some ¢ > 1,

/ |Lc(t, 2)|P v(dz), l<p<2,

p/2
/|L (t,2)|P v(dz) + </ |Le(t, 2) )% v( dz)) , p>2.

@ Jo €(0,1) such that

Mp(t) =

le(t, x,2)] S t77(1 + |x|)|z], L(t,z) St77)z|.
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Lévy-driven SDE

Xt:XO—i—/ (s, X5) ds+/b(sX)dB+// (s, Xs—, 2)
Assump{ Lip:
Q Al
0 Linsd 120620 = a6+ [B(t.) = b(t.y)] < Lus()lx — 1,
o Lc(t |C(t,X, Z) - C(ta)/az)| < LC(t’ Z)|X _yl
Q M,(| Peano:
|a(t7 x) —a(s, x)| + |b(t, x) — b(s, x)| < Lap[t —s|7(1 + [x])

~

J

@ Jo €(0,1) such that

le(t:x, 2)[ S

t7(L+ x|z, Le(t,z) St7z].

N(ds, dz).

p<2,

i/ |L(t,2)|P v(dz) + </ |Le(t, 2) )% v( dz)) 2, p>2.
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e Combined grid IM,: uniform grid 7,, mixed with jumps of the ICPP

e Approximate Z using DC (a-stable: 7(t) < t1/®)

Theorem 2
a) p=>2
b) p € (max{1,a},2) and b(t,x) = 0.
e(p—a)
a5 P<2
sup | Xy — X7 <Ry(n, h)+ ho, =4 _2p
t;GFIEI‘ o =Xl gy < Rolmh) {5(22;"), p>2

Rp(n, h): from Euler-Peano scheme, h?: from DC.

e Take h=n=8/% 4 restr. on =

sup | Xy, — X[ |
tien Le

,S n—[j7 ,8: m?n(yv 1/2)7 p < 2
@) min(y,1/p), p =2
Comments:

e Bossy, Maurer'24: AR approximation. p > 2.
e Wear errors: also possible (D. Platonov);
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Simulation comparison I:

Xi = fot f|2|<1 s 7 cos(Xs_) z I\7(ds, dz), Xo =0,
v(dz) = aMl{‘z‘§1}|z|*1*°‘dz, N(r) = Mr—.

DC : NIT =2x(1) = %h‘ = h:(W)l/e, (6)

2M oM\ M
AR . Nj = N(éAR) = 504 — (5AR = (W) . (7)
AR

/ / ds dz).
B(s, h)

Now fixing A7 we find the €, which minimizes the variance of R} :

sh)°)
Var R} (e) = 2/ / 5727722 y(dz)ds — min
o Jo
—

argmin, Var R (¢) = ao.
Fine level N’ 718 = 64,000 jumps, and a coarse level A/ 7°°%™¢ = 4,000 jumps.
O Fine parameters: N7 = Vg, (§fine pfine),
@ Coarse parameters: N7 = N J 5 (§55315¢, heoarse),
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Simulation comparison |l

a) generate a single fine path using the fine parameters;

b) derive the coarse path by filtering the jumps from this fine path using the
coarse parameters.

Procedure:

© Generate a single fine path on [0, 1] with an expected N'7%"° jumps, using
the calculated (043¢, hfin®) parameters.

@ From this fine path, build a coarse path by retaining a jump at time s only if
it exceeds the coarse-level threshold:

o DC method: The jump is kept if |z| > 7((sh****°)°).
o AR method: The jump is kept if |z| > d3R"™°.

Let Y := supgccq | X — Xg02¢|, and define i.i.d. copies

Yi = sup | XU — xgoee® 1 < k<D,
0<t<1

Estimate Y and construct confidence intervals.
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Comparison of simulation results for AR and DC (¢ = 0.25)

AR Method

DC Method

Error

95% CI

Lower

Upper Error

95% CI

Lower

Upper

0.10
0.20
0.30
0.40

0.50
1.00
1.50

1.60
1.70
1.80
1.90

4.952e—36
2.025e—17
2.750e—11
3.317e—08

2.434e—06
1.582e—02
2.884e—01

3.938e—01
4.978e—01
5.766e—01
5.751e—01

3.78%e—36
1.988e—17
2.726e—11
3.289e—08

2.413e—06
1.566e—02
2.850e—01

3.889e—01
4.919e—-01
5.700e—01
5.693e—01

Small o
6.270e—36 2.657e-36
2.063e—17 1.614e-17
2.773e—11 2.470e-11
3.346e—08 2.968e-08

Middle o
2.455e—06 2.172e-06
1.598e—02 1.413e-02
2.919e—01 2.644e-01

Large o
3.986e—01 3.665e-01
5.037e—01 4.698e-01
5.832e—01 5.529e-01
5.810e—01 5.618e-01

7.878e—37
1.581e—17
2.449e—11
2.942e—08

2.153e—06
1.398e—02
2.613e—01

3.620e—01
4.642e—01
5.466e—01
5.560e—01

5.628e—36
1.648e—17
2.491e—11
2.994e—08

2.192e—06
1.428e—02
2.676e—01

3.709e—01
4.755e—01
5.592e—01
5.676e—01
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Small jumps vs Normal

Distance between small-jump Lévy-type process and Gaussian.
e Uniform grid on [0, t].
Suppose we generated X; by the Euler scheme. Fix ¢ := (X,...,X]).

Consider the “modified” small-jump part

n(t) ~
Tn(t) = / / (s, Xy, 2)0(ds, d). (8)
0 B(s,h)

Proposition

Assume € + 20 < 1. Vt € (0, T] there exists an F; — measurable r.v. ((t),
Law(Ca(t)[0) = N(0, 0 4(t)), where o7 4(t) = Var(Jx(t)[6) is the conditional
variance, s.t. for any p > 1 and some x € (0,1),

1N

[70(t) = Ca(t)llo) S T(A A2 (hg + n*%) . (9)
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What for:

p>2 7(t) =t/ —

—a)

sup [ Xy, — X7
t;cl

S Rp(n, h)+ h
Lr(Q)

X
]

1T4(2) = Ch(t)lloy S "2 (h *”7%)

e “Gaussian error’ is dominated by the first order appr. error.

e adding (;, as a corrector does not improve the order of convergence
e restoring small jumps: improves the distributional properties of

e Jp vs. (p: simulating (p is more time-effifient.

e Hint for the parametrix: why not to use Gaussian proxi
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Thank you!



