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What has been done so far?

Stochastic Schrddinger equation

Stochastic Schrddinger equation

+ exponential Euler + exponential Euler
+ additive noise + multiplicative noise
= rate 1 =rate 1/2

[Anton, Cohen 2018] [Anton, Cohen 2018]

Stochastic Maxwell’s equations

Stochastic Schrédinger/Maxwell’s

+ exponential Euler : + implicit E. / Crank—Nicolson
+ multiplicative noise + multiplicative noise

= rate 1/2 =rate 1/2 up to /log
[Cohen, Cui et al. 2020] [K., Veraar 2024 ]

Can we reach higher rates for multiplicative noise?
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Exponential Euler and Rational Schemes

Stochastic Evolution Equation Time Discretisation: easy case

X, H Hilbert spaces, p e [2, ). R:[0,00) — L(X) scheme, h > 0 time step,
dU = (AU + F(U))dt+ G(U)dw,,  Tn~ S(h)yields U(0) =¢
U(0) =& e LP(; X) Ui = RaUi_1 + hRyF(Uj_1) + RaG(Uj_1) AW,
e F: X->X,G: X - Lo(H, X) e contractive |Ry| <1V h>0
* W is H-cylindrical Brownian motion * AW =W, - W,
* —Agen. contractive Cp-semigroup S * uniform grid {t; = jh: 0 <j < M}

When do we get convergence of which rate for the

77777
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Exponential Euler and Rational Schemes

Optimality of the rate Time Discretisation: easy case

L R:[0,00) — L(X) scheme, h> 0 time step,
Rate limited by h1/2\/ Iog(T/k) on [0, T] Ry ~ S(h) yields U(O) =¢

= Lévy’s modulus of continuity of W

U = BpUj—1 + hRpF(Uj—1) + RhG(Uj-1 ) AW
= optimal rate % among schemes using « contractive |Ry| <1V h>0

only first-order Wiener increments AW, o« AW = W, - W,
= T T

[Maller-Gronbach "02] _ ' _ _
* uniform grid {f; = jh: 0 <j < M}
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How to overcome the order 1/2 barrier
For strong solution: h > 0 time step,

Un=¢€+ [Oh(—AUs + F(Us))ds + thG(Us)dWs

Approximate temporal integrand to order 0:
—AUs + F(Us) » -AUy + F(Up)
Approximate stochastic integrand to order 1/2:
G(Us) ~ G(Up) + fos G'(Uy)dU,

mG(Uo)+fosG’(U,)(—AU,+F(U,))dr+fosG’(U,)G(U,)dW,

mG(Uo)+fosG’(Uo)G(Uo)dW,.

h h s
= thg—hAUo+hF(Uo)+fo G(Uo)dWs+f0 fO(G’G)(Uo)dW,dWs
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The Milstein scheme

h h S
= Uhmg—hAUo+hF(Uo)+fo G(Uo)dWs+f0 fO(G’G)(Uo)dW,dWs

Definition: The (exponential) Milstein scheme [Jentzen, Réckner, *15]

us= (Uj)/'=0 ..... M W|th Up = é' and

+1

Uit = S(h)uj+hS(h)F(u,-)+S(h)(/ﬁtm G(uj)dWs+[ [S(G’G)(u/)dWrdWs).

f
f

Definition: The rational Milstein scheme [Da Prato, Jentzen, Réckner ’12]
U = (Uj)j=o,....m With ug = £ and for (Rp)ns0 With R, ~ S(h)

Y1

i , s
Uiy = Rhu,+thF(u,)+Rh([’ G(uj)dWs+/ ft (G'G)(uy) AW, dW)
Y J

4
§

9 j_1 q A j_1 9 A tiy tiy S
:u,-:thgm%/::fh-'F(u,p;)Rg'(ft_ 1G(u,-)dWs+/t_ ft (G'G)(u) AW, dWs).
j= j= i i i
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Literature Overview
What is known for parabolic SPDEs?
e convergence of the root-mean-square error at rate 1 [Jentzen, Réckner, "15]
* parabolic SPDEs driven by non-continuous martingale noise [Barth, Lang '12]
* [P- and almost sure convergence for advection-diffusion equations [Barth, Lang '13]
* non-commutative noise in [von Hallern, R6Bler '20]
* space-time discretisation by a Milstein—Galerkin scheme [Kruse ’14]
* software package for numerical approximation of Lévy areas [Kastner, R6Bler '23]
Our contributions:

e first optimal convergence rates for hyperbolic SPDEs
(partially answers an open problem in [J., R. ’15]),

e rational Milstein schemes with R, # S(h) (answers open problem in [J., R. '15])

* maximal estimates in p-th moment, p € [2, 00) ~ pathwise uniform convergence rates
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Assumptions
Let Y - D(A%) - X Hilbert space for some « € (%, 1]. Abbreviate | - || z,(H,x) by [l - [l[x-
¢ LipX (Global Lipschitz continuity on X): for all x,y ¢ X

[FC) = FW)lx +IIGX) = GW)lllx s Ix - ylx
¢ LinGroY (Linear growth on Y): forall xe Y
[FCOlly + 1GOOIy s 1+ Ixly

° GatX (Gateaux differentiability): F: X — X and G: X — L>(H, X) are Gateaux diffble

* HolDerYX(«) ((2a.— 1)-Holder continuity of derivatives F'|y, G'|y): Gateaux derivatives
Fly:Y > L(Y,X)and G'ly: Y — L(Y,L2(H, X)) are (2o — 1)-Holder: for all x,y,ze Y

ICF"(0) = F'n2llx +I(G () = G ) 2lIx s [1x -y 15 2]y

¢ MilCor (Lipschitz continuity and linear growth of Milstein correction):
G o G:X ~ £$? (H, X) is Lipschitz continuous and
GoGY - L‘éz)(H, Y) is of linear growth.
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The main theorem: Exponential Milstein scheme

Theorem [Kastner, K., ’25, arXiv2512.19647]

* X, H Hilbert spaces, p € [2, »),

* —A generates a contractive Cp-semigroup (S(f)):0 on X and Y,

* Y < D(A*) = X Hilbert space for some « ¢ (%,1], £el?P(Q,Y),
* (u;); exponential Milstein scheme,

¢ Assumptions (LipX), (LinGroY), (GatX), (Ho6IDerYX(«)), (MilCor).

Then

-----

= convergence at optimal rate 1
* also works for F = F(w, t,x), G= G(w,t, x) & in 2-smooth Banach spaces
* additive noise: Milstein = exponential Euler
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The main theorem: Rational Milstein schemes

Theorem [Kastner, K., ’25, arXiv2512.19647]

* X, H Hilbert spaces, p € [2, »),

* —A generates a contractive Cp-semigroup (S(f)):o on X and Y,

* Y < D(A*) - X Hilbert space for some « ¢ (%,1], £el?P(Q;Y),

* (Rn)n-o contractive scheme on X, Y with |[S(t) - R{,]x||x S he| x|y,
* (uj); rational Milstein scheme,

¢ Assumptions (LipX), (LinGroY), (GatX), (Ho6IDerYX(«)), (MilCor).

Then 1/p T
(B sue 10t)-uig)) " < 0\ fls () -1
j=0,...,.M h

= convergence at optimal rate 1 up to log factor

* also works for F = F(w, t,x), G= G(w,t, x) & in 2-smooth Banach spaces
¢ additive noise: Milstein = corresponding rational scheme
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What does this imply?

Different admissible choices of (Rp)so:

e exponential Euler (EXP): Ry = S(h)

e implicit Euler (IE): Ry=(1+hA)", rate a on D(A%®)

e Crank-Nicolson (CN): Ry =(2-hA)(2+hA)™", rate a on D(A3/?)
Rates on Y = D(A?), > 0:

EXP IE CN EXP-Mil | IE-Mil | CN-Mil
multiplicative noise B B6/2 | (26)/3 g £/2 (26)/3
optimal rate 1/2 1/2 1/2 1 1 1

Y for optimal rate D(AY2) | D(A) | D(A¥*) | D(A) | D(A?) | D(A%?)

Theorem (Kastner, K. '25): Continuous extension on [0, T]

For continuous extension u of rational Milstein scheme (u;);:

Rate up to h\/log(T/h) on [0, T]
piecewise constant/affine linear interpolations: rate limited to h'/2\/log(T/h)
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How the Milstein term helps in the proof
Abbreviate Vé = S(s- )V, for se [, fi,1). Taylor expansion:

G(Us) = G(Vg) + G'(V5)[Us - Vg + fo (G'(Ve+((Us - Vg)) - G'(Vg))[Us - Vg1 d¢
One of the error terms:

Z[ H|G(Us) G(V) - /(G’ (VIYdW, ’ds)uz

2 1/2
Z/ p’de)
. ZO[ A G’(vs'+c<us—v;'))—G’(Vé))[us—vs’]d<||\;xds)”2

= Eg1+Ege.
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e v - /t G(VI)dw,]




How the Milstein term helps in the proof

1st term: (Gat) = uniform bddness of G’
& higher-order decay of difference with Milstein correction in X

Egq= Z /

m-1 tiy 1/2
S(Z/ 1((5—[’,)%"'%+(S_tl)o‘+1§)2ds)/ sﬁ(h+ha+%)
=0 U

2nd term: (2« - 1)-Holder continuity of G: Y - L(Y, L2(H, X)) and lower-order decay in Y
m-1 tl+1
Ego = ( Z /

tl+1
Z f, f B Us - Vi35, dCds s VTh™.
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2
x9)

G’(V' _Vi- [SG( V;)dWr]

(Vé)”L(X,Lg(H,X))HUS_ V;—ASG(Vé)dWr XHidS)VZ

[ G/(Vi+C(Us- VD)) - G/(VD))[Us - Vi] d<|\| ds) e

-1



Numerical simulation: Schrédinger with a nonlocal nonlinearity

Example: linear multiplicative noise,
27 Q has eigenvalues A, = (1 +|r[>")™

to e, =exp(ir-), rezZ,n smooth bump,
nonlocal drift F(u) = -in * 175z
2—4 [
_': g)lfIE expected rates: numerical rates:
6l a IE
96 UK Milstein * 1 (EXPM) * 0.89 (EXP)
- »- CN Milstein
Sl -« IE Milstein * 2/3 (CNM) * 0.67 (CN)
2 order line 0.5
order line 1.0 ° 1/2 (IE) e 0.50 (|E)
92— 10 I | I ] )
2- 10 2- 9 2- 8 2= 7 2= 6 2- 5 2- 4

Step size
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What's next?

Want to know more? Next steps Rational schemes

arXiv 2512.19647 IMA J.Numer.Anal., '24

accepted at ESAIM:M2AN ¢ Schrodinger with Nemytskii with Mark Veraar
nonlinearity: Y = H? needs
linear ~ polynomial growth

* globally ~ locally Lipschitz
tamed exponential Euler

* semi-linear
~ non-autonomous: A = A(t)
~ quasi-linear: A= A(U)

Hvala vam na paznji!
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