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Deterministic Hodgkin-Huxley system

4-dim. ODE, describing how action potentials are generated in a neuron:

Figure: Designed by brgfx / Freepik

dVt =
1

C

(
I − gKn

4
t (Vt − EK )− gNam

3
t ht(Vt − ENa)− gL(Vt − EL)

)
dt,

dnt = αn(Vt)(1− nt)− βn(Vt)nt dt,

dmt = αm(Vt)(1−mt)− βm(Vt)mt dt,

dht = αh(Vt)(1− ht)− βh(Vt)ht dt.

▶ Membrane potential: Vt ∈ R
▶ Auxiliary components: nt ,mt , ht ∈ [0, 1]

Hodgkin & Huxley (J. Physiol., 1952): A quantitative description of membrane

current and its application to conduction and excitation in nerve.
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Deterministic Hodgkin-Huxley system: Splitting methods

Conditionally linear system:

dVt =
1

C

(
I − gKn

4
t (Vt − EK )− gNam

3
t ht(Vt − ENa)− gL(Vt − EL)

)
dt,

dnt = αn(Vt)(1− nt)− βn(Vt)nt dt,

dmt = αm(Vt)(1−mt)− βm(Vt)mt dt,

dht = αh(Vt)(1− ht)− βh(Vt)ht dt.

Chen, Raman & Stern (SIAM J. Sci. Comput., 2020): Structure-preserving

numerical integrators for Hodgkin�Huxley�Type systems.
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Stochastic Hodgkin-Huxley type systems

System reformulation:

dVt =
1

C

(
I − gKn

4
t (Vt − EK )− gNam

3
t ht(Vt − ENa)− gL(Vt − EL)

)
dt,

dnt = αn(Vt)(1− nt)− βn(Vt)nt dt,

dmt = αm(Vt)(1−mt)− βm(Vt)mt dt,

dht = αh(Vt)(1− ht)− βh(Vt)ht dt.

De�ne:
Ut := (nt ,mt , ht)

⊤ ∈ [0, 1]3,

a
(
Ut

)
:=

1

C

(
−gKn

4
t − gNam

3
t ht − gL

)
∈ (−∞, 0),

b
(
Ut

)
:=

1

C

(
I + gKEKn

4
t + gNaENam

3
t ht + gLEL

)
∈ R.

Then:
dVt =

(
a(Ut)Vt + b(Ut)

)
dt
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Stochastic Hodgkin-Huxley type systems

(d + 1)-dimensional SDE:

dVt =
(
a
(
Ut

)
Vt + b

(
Ut

))
dt

+Σ(Ut)dWt ,

dUt =
(
−diag

(
α
(
Vt

)
+ β

(
Vt

))
Ut +α

(
Vt

))
dt

.

▶ a : Rd → (−∞, 0), b : Rd → R, Σ : Rd → R, and α,β : R → (0,∞)d

are C 1 functions.

▶ Locally Lipschitz coe�cients.

▶ Existence of a unique strong solution X = (V ,U⊤)⊤ on [0,T ] with

Ut ∈ [0, 1]d , 0 ≤ t ≤ T , a.s.,

and

E
[
max

0≤t≤T
|Vt |2p

]
≤ C

(
1+ E

[
|V0|2p

])
, p ≥ 1.

Höpfner, Löcherbach, and Thieullen (2012): Transition densities for stochastic

Hodgkin�Huxley models.
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods
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Stochastic Hodgkin-Huxley system: Splitting methods
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Outline

▶ Part I: Construction of splitting methods,

▶ Part II: Structure-preservation,

▶ Part III: Mean-square convergence.
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Part I
Construction of splitting methods

inspired by Chen, Raman & Stern (SIAM J. Sci. Comput., 2020):
Structure-preserving numerical integrators for Hodgkin�Huxley�Type systems.
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Step 1: choice of subsystems

Conditionally linear system:

dVt =
(
a
(
Ut

)
Vt + b

(
Ut

))
dt +Σ(Ut)dWt ,

dUt =
(
−diag

(
α
(
Vt

)
+ β

(
Vt

))
Ut +α

(
Vt

))
dt.

Subsystems:

• d

(
V

[1]
t

U
[1]
t

)
=

(
a(U

[1]
t )V

[1]
t + b(U

[1]
t )

0d

)
dt +

(
Σ(U

[1]
t )

0d

)
dWt

• d

(
V

[2]
t

U
[2]
t

)
=

(
0

−diag
(
α
(
V

[2]
t

)
+ β

(
V

[2]
t

))
U

[2]
t +α

(
V

[2]
t

)) dt
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Step 2: solutions of subsystems

• First subsystem:

d

(
V

[1]
t

U
[1]
t

)
=

(
a(U

[1]
t )V

[1]
t + b(U

[1]
t )

0d

)
dt +

(
Σ(U

[1]
t )

0d

)
dWt .

• Explicit solution:

ϕ
[1;Stoch]
t (x) =

(
ψStoch(t; v , u)

u

)
,

• where

ψStoch(t; v , u) := ea(u)tv + b(u)

t∫
0

ea(u)(t−s)ds

︸ ︷︷ ︸
=

b(u)
a(u) (e

a(u)t−1)

+Σ(u)

t∫
0

ea(u)(t−s)dWs .
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Step 2: solutions of subsystems
• Second subsystem:

d

(
V

[2]
t

U
[2]
t

)
=

(
0

−diag
(
α
(
V

[2]
t

)
+ β

(
V

[2]
t

))
U

[2]
t +α

(
V

[2]
t

)) dt.

• Explicit solution:

ϕ
[2;Det]
t (x) =

(
v

ψDet(t; v , u)

)
,

• where

ψDet(t; v , u) := e−diag
(
α(v)+β(v)

)
tu +

t∫
0

e−diag
(
α(v)+β(v)

)
(t−s)α(v)ds

︸ ︷︷ ︸
=

(
Id−e

−diag

(
α(v)+β(v)

)
t

)
U∞(v)

,

• and

U∞(v) :=
(
U1,∞(v), . . . ,Ud,∞(v)

)⊤
, U l,∞(v) =

αl (v)

αl (v) + βl (v)
, l ∈ {1, . . . , d}.
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Step 3: iterative composition of solutions

• Equidistant time discretisation: 0 = t0 < t1 < . . . < tn = T , ∆ = ti − ti−1

• Splitting method:

X̃ti =
(
ϕ
[2;Det]
∆ ◦ ϕ[1;Stoch]

∆

)
(X̃ti−1

), X̃t0 := X0

• Speci�cally, we have:

Ṽti = ψStoch
(
∆; Ṽti−1

, Ũti−1

)
,

Ũti = ψDet(∆; Ṽti , Ũti−1
).

• Remember:

ψStoch(t; v , u) = ea(u)tv +
b(u)

a(u)

(
ea(u)t − 1

)
+Σ(u)

t∫
0

ea(u)(t−s)dWs ,

ψDet(t; v , u) = e−diag
(
α(v)+β(v)

)
tu +

(
Id − e−diag

(
α(v)+β(v)

)
t

)
U∞(v).
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).

• Remember:

ψStoch(t; v , u) = ea(u)tv +
b(u)

a(u)

(
ea(u)t − 1

)
+Σ(u)

t∫
0

ea(u)(t−s)dWs ,

ψDet(t; v , u) = e−diag
(
α(v)+β(v)

)
tu +

(
Id − e−diag

(
α(v)+β(v)

)
t

)
U∞(v).

Irene Tubikanec Johannes Kepler University Linz 11



Part II
Structure-preservation

Irene Tubikanec Johannes Kepler University Linz 12



Structure-preservation

Splitting method:

Ṽti = ψStoch
(
∆; Ṽti−1

, Ũti−1

)
,

Ũti = ψDet(∆; Ṽti , Ũti−1
),

where

ψStoch(t; v , u) = ea(u)tv +
b(u)

a(u)

(
ea(u)t − 1

)
+Σ(u)

t∫
0

ea(u)(t−s)dWs ,

ψDet(t; v , u) = e−diag
(
α(v)+β(v)

)
tu +

(
Id − e−diag

(
α(v)+β(v)

)
t

)
U∞(v).

Structural properties:

▶ State space preservation: Ũti ∈ [0, 1]d

▶ Ergodicity∗

*Mattingly, Stuart & Higham (Stoch. Process. Their Appl., 2002): Ergodicity

for SDEs and approximations: Locally Lipschitz vector �elds and degenerate noise.
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),

where

ψStoch(t; v , u) = ea(u)tv +
b(u)

a(u)

(
ea(u)t − 1

)
+Σ(u)

t∫
0

ea(u)(t−s)dWs ,

ψDet(t; v , u) = e−diag
(
α(v)+β(v)

)
tu +

(
Id − e−diag

(
α(v)+β(v)

)
t

)
U∞(v).

Structural properties:

▶ State space preservation: Ũti ∈ [0, 1]d
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Part III
Mean-square convergence
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Can we use the fundamental mean-square convergence theorem?

No!
Assume:

▶ Both X and X̃ have bounded moments:

E
[
max

0≤t≤T
|Xt |2p

]
≤ C

(
1+ E

[
|X0|2p

])
, E
[
max

0≤t≤T
|X̃t |2p

]
≤ C

(
1+ E

[
|X0|2p

])
.

▶ The one-step approximation is consistent:∣∣∣E [X ti−1,x
ti

− X̃
ti−1,x
ti

] ∣∣∣ ≤ C
(
1+ |x |2α

)1/2
∆q1 ,(

E
[∣∣∣X ti−1,x

ti
− X̃

ti−1,x
ti

∣∣∣(2p)])1/(2p)

≤ C
(
1+ |x |2αp)1/(2p) ∆q2 ,

with q2 ≥ 1/2, and q1 ≥ q2 + 1/2.

▶ One-sided Lipschitz and polynomial growth conditions.

Then, for any n and i = 1, . . . , n the following inequality holds:(
E
[∣∣∣Xti − X̃ti

∣∣∣2p])1/(2p)

≤ C
(
1+ E[|X0|2γp]

)1/(2p)
∆q2−1/2.

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square

convergence theorem for SDEs with locally Lipschitz coe�cients and its applications.
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What to do in the locally Lipschitz case?

Assume:

▶ Both X and X (continuous-time version of Euler-Maruyama) have
bounded moments.

▶ Locally Lipschitz coe�cients.

Then:

lim
∆→0

E
[

sup
0≤t≤T

∣∣∣Xt − X t

∣∣∣2] = 0.

Idea of proof:

▶ De�ne the stopping times:

ρXR := inf{0 ≤ t ≤ T : |Xt | ≥ R}, ρXR := inf{0 ≤ t ≤ T : |X t | ≥ R}, ρR := ρXR∧ρXR .

▶ Divide the error into two parts:

E
[

sup
0≤t≤T

∣∣∣Xt − X t

∣∣∣2] ≤ E
[

sup
0≤t≤T

∣∣∣Xt − X t

∣∣∣21{ρR>T}

]
+E

[
sup

0≤t≤T

∣∣∣Xt − X t

∣∣∣21{ρR≤T}

]

Higham, Mao & Stuart (SIAM J. Numer. Anal., 2002): Strong convergence of

Euler-type methods for nonlinear stochastic di�erential equations.
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Our approach: Combine both ideas

▶ Localized fundamental theorem for general SDEs: dXt = f (t,Xt)dt+g(t,Xt)dWt

Assume:

• Locally Lipschitz coe�cients:

|f (t, x)−f (t, y)|+|g(t, x)−g(t, y)| ≤ CR |x−y |, ∀t ∈ [0,T ],∀x , y ∈ BR(0).

• Local consistency:

(
E

[∣∣∣X ti−1,x

ti∧ρ
ti−1

R

− X
ti−1,x

ti∧ρ
ti−1

R

∣∣∣2])1/2

≤ CR∆
q , with q > 1.

Then, for any n and i = 1, . . . , n the following inequality holds:(
E
[∣∣∣Xti − X ti

∣∣∣21{ρR>ti}

])1/2

≤ CR ∆q−1.

▶ Global mean-square convergence theorem.

Assume in addition: • Both X and X have bounded moments.

Then:
sup

i=0,...,n
E
[
|Xti − X ti |

2
]
−−−→
∆↓0

0.
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Application: splitting methods for stochastic Hodgkin-Huxley type systems

▶ Derivation of continuous-time extensions X of the splitting methods.

Recall our splitting method:

X̃ti =
(
ϕ
[2;Det]
∆ ◦ ϕ[1;Stoch]

∆

)
(X̃ti−1

)

De�ne:

X t =
(
ϕ
[2;Det]
t−ti−1

◦ ϕ[1;Stoch]
t−ti−1

)
(X ti−1

), ∀t ∈ (ti−1, ti ]

▶ Proof of local consistency for X (of order q = 3/2).

▶ Proof of boundedness of moments for X .
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Summary

▶ We considered stochastic Hodgkin-Huxley (HH) type systems and
proved boundedness of moments.

▶ We constructed splitting methods for these systems, exploiting their
conditional linearity.

▶ We established structure-preserving properties of these methods,
especially state-space preservation and ergodicity.

▶ We developed a localized fundamental theorem of mean-square
convergence, together with a global mean-square convergence result
(without rate), for general SDEs.

▶ We applied these convergence results to the proposed splitting methods
for stochastic HH type systems, including proofs of local consistency and
boundedness of moments for continuous-time extensions of the schemes.
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