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Deterministic Hodgkin-Huxley system

4-dim. ODE, describing how action potentials are generated in a neuron:

1
ave= < (I — grnf (Ve — Ex) — gnamihe(Ve — Ena) — gu(Ve — E1)) dt,

dny = an(Ve)(1 — ne) — Ba(Vi)ne dt,
dme = am(V:)(1 — my) — Bm(Ve)m, dt,
dht = ah(vt)(l - ht) - ﬁh(vt)ht dt.

» Membrane potential: V; € R

> Auxiliary components: n;, m:, hy € [0,1]

Figure: Designed by brgfx / Freepik

Hodgkin & Huxley (J. Physiol., 1952): A quantitative description of membrane
current and its application to conduction and excitation in nerve.
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Deterministic Hodgkin-Huxley system: Splitting methods

Chen, Raman & Stern (SIAM J. Sci. Comput., 2020): Structure-preserving
numerical integrators for Hodgkin—Huxley—Type systems.
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Deterministic Hodgkin-Huxley system: Splitting methods

Conditionally linear system:

1
Ve = = (I = gt (Ve — Bi) — gnamihe(Ve — Ena) — g(Ve — £1)) dt,

dne = an(Ve)(1 — ne) — Ba(Ve)ne dt,
dmt = ozm(Vt)(l — mt) — ﬁm(Vt)mt dt,
dht = ah(vt)(l — ht) — ,Bh(vt)ht dt.

Chen, Raman & Stern (SIAM J. Sci. Comput., 2020): Structure-preserving
numerical integrators for Hodgkin—Huxley—Type systems.
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Deterministic Hodgkin-Huxley system: Splitting methods

Conditionally linear system:

1
Ve = = (I = gt (Ve — Bi) — gnam? he(Ve — Ena) — g1(Ve — £1)) dlt,

dne = an(Ve)(1 — ne) — Ba(Ve)ne dt,
dmt = ozm(Vt)(l — mt) — ﬁm(Vt)mt dt,
dht = ah(vt)(l — ht) — ,Bh(vt)ht dt.

Chen, Raman & Stern (SIAM J. Sci. Comput., 2020): Structure-preserving
numerical integrators for Hodgkin—Huxley—Type systems.
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Deterministic Hodgkin-Huxley system: Splitting methods

Conditionally linear system:

1
Ve = = (I = gt (Ve — Bi) — gnamihe(Ve — Ena) — g(Ve — £1)) dt,

dne = an(Ve)(1 — ne) — Ba(Ve)ne dt,
dmt = am(Vt)(l — mt) — ﬁm(Vt)mt dt,
dht = ah(Vt)(l — ht) — ,Bh(vt)ht dt.

Chen, Raman & Stern (SIAM J. Sci. Comput., 2020): Structure-preserving
numerical integrators for Hodgkin—Huxley—Type systems.
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Stochastic Hodgkin-Huxley type systems
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Stochastic Hodgkin-Huxley type systems

System reformulation:

1
ave=z (I - grnt (Ve — Ex) — gnamihe(Ve — Ena) — gu(Ve — EL)) dt,

dnt = a,,(Vt)(l — nt) — ﬂn(Vt)nt dt,
dmt = am(Vt)(l - mt) - ﬂm(vt)mt dta
dht = CMh(Vt)(l — ht) — ﬂh(vt)ht dt.
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Stochastic Hodgkin-Huxley type systems

System reformulation:
1
th = E
dnt = a,,(Vt)(l — nt) — ﬁ,,(Vt)nt dt,
dmt = am(Vt)(l - mt) - ﬁm(vt)mt dta
dht = CMh(Vt)(l — ht) — ﬂh(vt)ht dt.

Define:
Ut = (nfa mg, hf)T € [07 1]37

1
a(Ut) = E (—gan - gNam?ht - gL) S (_0070)7
1

b(U) = ra (1 + gk Exnt + gnaEnam: h; + gLEL) € R.
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Stochastic Hodgkin-Huxley type systems

System reformulation:
1
th = E
dnt = a,,(Vt)(l — nt) — ﬁn(Vt)nt dt,
dmt = am(Vt)(l - mt) - ﬁm(vt)mt dta
dht = CMh(Vt)(l — ht) — ﬂh(vt)ht dt.

Define:
U; = (nt,mt,ht)T € [0,1]3,
a(Ue) = ¢ (~gknt — gnamih — &1) € (~,0),
b(U;) := % (I + gk Exn? + gnaEnam;he + gLEL) € R.
Then:

dVi = (a(Us) Vi + b(Uy)) dt
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Stochastic Hodgkin-Huxley type systems

System reformulation:

dVe = (a(Ue) Ve + b(Ur)) dt,

dny = an(Ve)(1 = ne) — Ba(Ve)n: dt,
dmy = am(Ve)(1 — me) — Bm(Ve)m, dt,
dht = C!h(vt)(l — ht) — ﬁh(vt)ht dt
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Stochastic Hodgkin-Huxley type systems

System reformulation:

dVe = (a(Ue) Ve + b(Ur)) dt,

dny = an(Ve)(1 = ne) — Ba(Ve)n: dt,
dme = am(Ve)(1 — me) — Bm(Ve)m: dt,
dht = ah(Vt)(l — ht) — ﬁh(vt)ht dt

Define: }
Ot(Vt) = (a"(Vt)vam(Vt)>ah(Vr)) S (0,00)37

B(Ve) = (Ba(Ve), Bm(Ve), Br(Ve)) " € (0,00)>.
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Stochastic Hodgkin-Huxley type systems

System reformulation:

dV; = (a( U) Ve + b(Ut))dt,

dne = ap(Ve)(1 = ne) — Ba(Ve)n: dt,
dme = am(Ve)(1 — me) — Bm(Ve)m: dt,
dht = Oéh(vt)(]. — ht) — Bh(\/r)ht dt

Define:
Ot(Vt) = (a"(vt)vam(vt)>ah(vr))—r € (0,00)37
B(Ve) = (Ba(V4), Bm(Ve), Br(V2)) " € (0,00)".

Then:
dU; = (—diag (a (V) + B(Ve)) Ut + (V1)) dt
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Stochastic Hodgkin-Huxley type systems

dVe = (a(Us) Vi + b(Uy)) dt
dU; = (—diag (a(V;) + B(V)) Us + a(V4)) dt
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Stochastic Hodgkin-Huxley type systems

dVi = (a(Ue) Vi + b(Ur)) dt + Z(Us)d W,
dU; = (—diag (o (V2) + B(Ve)) U + a(Ve)) dt.
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Stochastic Hodgkin-Huxley type systems

(d + 1)-dimensional SDE:

dVi = (a(Ue) Vi + b(Uy)) dt + Z(Ur)dWs,
dU; = (—diag (o (V2) + B(Ve)) U + a(Ve)) dt.

> a:RY = (~00,0), b: R 5 R, £ :R? 5 R, and o, 3 : R — (0, 0)
are C! functions.

» Locally Lipschitz coefficients.
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Stochastic Hodgkin-Huxley type systems

(d + 1)-dimensional SDE:

th = (a(Ut) Vt —+ b(Ut)) dt + Z(Ut)th,
> a:RY = (~00,0), b: R 5 R, £ :R? 5 R, and o, 3 : R — (0, 0)
are C* functions.
» Locally Lipschitz coefficients.

> Existence of a unique strong solution X = (V, UT)T on [0, T] with
Use0,1]9, 0<t<T, as,
and

E[max |vt|2P} <CA+E[V*]), p>1

0<t<T
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Stochastic Hodgkin-Huxley type systems

(d + 1)-dimensional SDE:

th = (a(Ut) Vt —+ b(Ut)) dt + Z(Ut)th7
> a:RY = (~00,0), b: R 5 R, £ :R? 5 R, and o, 3 : R — (0, 0)
are C* functions.
» Locally Lipschitz coefficients.

> Existence of a unique strong solution X = (V, UT)T on [0, T] with
Use0,1]9, 0<t<T, as,
and

E[max |vt|2"} <CA+E[V*]), p>1

0<t<T

Hopfner, Locherbach, and Thieullen (2012): Transition densities for stochastic
Hodgkin—Huxley models.
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Euler—Maruyama (EM)

Ref. path |g <702
----- A=10"°
--- A=107 |§ S
....... A=2%1072
2
T
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Euler—-Maruyama (EM)

Ref. path |2 —CzO'Z’ L | | |
----- SEET L
e ] b I

o o w0 s s 100
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Euler—-Maruyama (EM)

Ref. path |g <702
----- Azlo_z ;\ ;'\ a\ 5 ;\.‘ .n\
SR S A LE B [
....... A:2*10—2 "l 1 it ] !
3 | ,n) ' la"J'\.d
! T

ik
-X

20 40 60 100
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Euler—-Maruyama (EM)

Ref. path |g <702
----- A=10"° ;'\ f\ 5 '\. .l\
-Gt Ik B .i\ (.
_ 2 et L/ f") ' L"J ‘LJ’
[ T
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Truncated Euler—Maruyama (TrEM)

Ref. path |g <702
----- A=10"°
--- A=107 |§ S
....... A=2%1072
2
T
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Truncated Euler—Maruyama (TrEM)

Ref. path |2 —C:O'Z’ ! { s ! ]
----- e I I T
--- A=107 . I N N
....... ek o 1
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Truncated Euler—Maruyama (TrEM)

Ref. path | S C=0.2§. T Lo

f i i !.l [y
S O T O
P koA IO T O LA N FH I 1
....... A=2%1072 ’l'. i !;;-;‘ b “"”'. ,'if-‘ iy
! T T T T T T
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Truncated Euler—Maruyama (TrEM)

Ref. path | +°™°? B
----- A=10"° B
o 8=107 |§ oo
------- A=2*10 b |
2 L”"J JJ’A‘ i i
| T T T T T
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Tamed Euler—-Maruyama (TEM)

Ref. path |g <702
----- A=10"°
--- A=107 |§ S
....... A =2%10 2
g
| T T T T T T
0 20 40 60 80 100
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Tamed Euler—-Maruyama (TEM)
Ref. path | {2 i i | 4 ! 4 i
----- A=10"° T S N T O
SRl N N N Ez 1
------- A=2*107? /J ". LI
[ T T
0 20 40 60 80 100
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Tamed Euler—-Maruyama (TEM)

Ref. path |Q A Czo'z* iy PRy ‘\ i

----- A=107 A R SR S T S
-ooa=10? R4 B RS R R
"""" A=2%10"° 'M SRR LR
o | o Lt i e od oo L

| T T T T T

0 20 40 60 80 100
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Stochastic Hodgkin-Huxley system: Euler-Maruyama type methods

Tamed Euler—-Maruyama (TEM)

Ref. path |
----- A=10"°
--- A=107 |§ S
....... A_2*102
2
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Stochastic Hodgkin-Huxley system: Splitting methods

Irene Tubikanec

Johannes Kepler University Linz

Splitting (S)
Ref. path |g <702
----- A=10"°
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Stochastic Hodgkin-Huxley system: Splitting methods

Splitting (S)
Retpath S 1725y Lo
----- A=10" [ ! |-
---- a=102 |8 i \ i \'\ .
I " i il i i "
....... A= 2*10_2 ! i { : |I H | ,' |
|
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Stochastic Hodgkin-Huxley system: Splitting methods

Irene Tubikanec

Splitting (S)
Ref. path |g <702 \
----- A=10"° la‘l I\l A '\ a' !F\
---- A=102 (8 o i\‘ I
"""" p=ao?| | L e L
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Stochastic Hodgkin-Huxley system: Splitting methods

Irene Tubikanec

-80

Splitting (S)
Ref. path |g <702 i
----- A=107 ! 3\ ?" !A ?\ g‘
S L T N ;\ I
A=210 o’ L | L L L
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Outline

» Part I: Construction of splitting methods,
» Part |I: Structure-preservation,

» Part |ll: Mean-square convergence.
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Part |
Construction of splitting methods

inspired by Chen, Raman & Stern (SIAM J. Sci. Comput., 2020):
Structure-preserving numerical integrators for Hodgkin—Huxley—Type systems.
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Step 1: choice of subsystems

Conditionally linear system:

dVi = (a(U:) Vi + b(Uy)) dt + Z(Ur)dWs,
dU; = (—diag (a(Vs) + B(Vr)) Us + a(V2)) dt.
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Step 1: choice of subsystems

Conditionally linear system:

dVi = (a(U:) Ve + b(Uy)) dt + Z(U:)dWs,
dU; = (—diag (a(Vs) + B(Vr)) Us + a(V2)) dt.
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Step 1: choice of subsystems

Conditionally linear system:

dVi = (a(U:) Vi + b(Uy)) dt + Z(Ur)dWs,
dU; = (—diag (a(V:) + B(V:)) Us + a(V2)) dt.
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Step 1: choice of subsystems

Conditionally linear system:

dVi = (a(U:) Vi + b(Uy)) dt + Z(Ur)dWs,
dU; = (—diag (a(Vs) + B(Vr)) Us + a(V2)) dt.

Subsystems:

(1]
o d (Vt[l]>
U;

SAN 0
) d<UF’ =\ diag (a(V®) + B(v)) U + (V) ) @

<a(UP’)VJ” + b(UE”)) dt + (Z(UE”)) aw,
Od Od
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Step 2: solutions of subsystems

e First subsystem:

VI fa(uMyvi 4 p(utt) T(Uf
d(UP] = y dt + o, dW,.

Explicit solution:

Ll;Stoch] (X) _ ("pStoch(t; v, U)) ,

u

where

t t
0 0

—_—
:%(sa(”)t—l)
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Step 2: solutions of subsystems

e Second subsystem:
Vt[zl 0
v ) =\ diag (a(vE) + B(v)) UB + (v |

Explicit solution:

[2;Det] _ v
2= (i)

t
bper(£ v, 1) = e—diag(a(v)+ﬁ(v))tu+/e—diag(a(v)+/3(v))(t—s)a(v)ds7

0

where

_ (Hdie—diag (awrem) t) U ()

and

ay(v)

U™ (v) = Ul’wv,...,Ud’oov T, Ul‘mv=7,
W)= (U= ) W=

le{1,...,d}.
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Step 3: iterative composition of solutions

e Equidistant time discretisation: 0 =to < t1 < ... <t, =T, A=t —

e Splitting method:

X — (¢[A2;Det] o ¢[A1;Stoch]) Xiy), Xig = Xo

Irene Tubikanec Johannes Kepler University Linz
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Step 3: iterative composition of solutions

e Equidistant time discretisation: 0 =to < t1 < ... <t, =T, A=t —

e Splitting method:

X — (¢[A2;Det] O¢[A1;Stoch]) Xiy), Xig = Xo

Specifically, we have:

\71:,- = ’l/)Stoch (A; \71:,-_1, Ut,-_l),
Ut,— = ¢pet(; \7t,-, Ut,._l).
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Step 3: iterative composition of solutions

e Equidistant time discretisation: 0 = to < t1 < ... < t, =T, A=1t; — ti_1

e Splitting method:

Xt,- — (¢[A2;Det] o ¢[A1;Stoch]) ()?fi—1)7 )?to = Xo

Specifically, we have:

\71*, = 'l/JStoch (Av \7ti—1’ Uti—l)’
Ut, = Ypet(A; \7ti7 Utr’—l)'

Remember:

t
_ e, b(U) ( awyr a(u)(t—s)
Ystoch (t; v, u) = e™v + 2(1) (e 1) +X(u) [ e dWs,

Upet(t v, u) = e—diag(a(v)+ﬁ(v))tu n <]Id _ —dlag(a(v)+ﬁ V)t ) U™ (v).
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Part |l
Structure-preservation
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Structure-preservation

Splitting method: N N N
Vt,- = wStoch (A; Vt,—_l, Ut,-_l),
Uti = wDet(A; \7fn Uti—1)7
where
b(u)

t

. _a(u)t ( a(u)t a(u)(t—s)

oc tv L] - -1 Z Sy

Ystoen(t; v, u) = e®'v 4+ () e )+ (u)/e dw.
0

Dpes(t; v, 1) = efdiag(a(v)qtﬂ(v))tu_’_ <]1d B efdiag(a(v)Jrﬁ(v))t) U (v).
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Structure-preservation

Splitting method: N N N
Vt,- = wStoch (A; Vt,—_l, Ut,-_l),
Uti = wDet(A; \7fn Uti—1)7
where
b(u)

t

. _a(u)t ( a(u)t a(u)(t—s)

oc tv L] - -1 Z Sy

Ystoen(t; v, u) = e®'v 4+ () e )+ (u)/e dw.
0

Dpes(t; v, 1) = efdiag(m(\/)+;3(\/))tu+ <]1d B efdiag(o((v)Jrﬂ(v))t) U (v).

Structural properties:

> State space preservation: U, € [0,1]¢
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Structure-preservation

Splitting method: N N N
Vt,- = wStoch (A; Vt,—_l, Ut,-_l),
Uti = wDet(A; \7fn Uti—1)7

where

t
, _ s, bY) [ s / )(E-9) gy
Ystoen(t; v, u) = e v 4 (1) (e 1) +X(u) [ e dWs,
0

Dpes(t; v, 1) = efdiag(a(v)wtﬂ(v))tu_’_ <]1d B efdiag(a(v)Jrﬁ(v))t) U (v).
Structural properties:

> State space preservation: U, € [0,1]¢
» Ergodicity”

*Mattingly, Stuart & Higham (Stoch. Process. Their Appl., 2002): Ergodicity
for SDEs and approximations: Locally Lipschitz vector fields and degenerate noise.
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Mean-square convergence
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Can we use the fundamental mean-square convergence theorem?

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square
convergence theorem for SDEs with locally Lipschitz coefficients and its applications.
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Can we use the fundamental mean-square convergence theorem?

Assume:

> Both X and X have bounded moments:

| max X < €O EO)) B | max 1K) < €04 o)),

0<t<T 0<t<T

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square
convergence theorem for SDEs with locally Lipschitz coefficients and its applications.
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Can we use the fundamental mean-square convergence theorem?
Assume:

> Both X and X have bounded moments:

2p < 2p P < 2p
E Lmax X ] COL+E[X[]), E [omta<xT|Xt| } C(L+E[X]).
» The one-step approximation is consistent:
‘]E [X:;FLX _Xéi—lvx] ‘ < C(l + |X|2a)1/2 Aql,
o ~e (2P 1/(2p)
(el m P <ty

with g2 > 1/2, and q1 > g2 + 1/2.

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square
convergence theorem for SDEs with locally Lipschitz coefficients and its applications.
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Can we use the fundamental mean-square convergence theorem?

Assume:

» Both X and X have bounded moments:
2p < 2p P < 2p
E Lmax X ] COL+E[X[]), E [Omta<xT|Xt| } C(L+E[X]).
» The one-step approximation is consistent:
‘]E [X:;FLX . Xéi—lvx] ‘ <cC (1 + |X|2a)1/2 Afu’
o ~e (2P 1/(2p)
(el ) ™ st

with g2 > 1/2, and q1 > g2 + 1/2.
» One-sided Lipschitz and polynomial growth conditions.

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square
convergence theorem for SDEs with locally Lipschitz coefficients and its applications.
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Can we use the fundamental mean-square convergence theorem? No!

Assume:

» Both X and X have bounded moments:
2p < 2p P < 2p
E Lmax X ] COL+E[X[]), E [omta<xT|Xt| } C(L+E[X]).
» The one-step approximation is consistent:
‘]E [X:;FLX . Xéi—lvx] ‘ <cC (1 + |X|2a)1/2 Aql,
o ~e (2P 1/(2p)
(el ) ™ st

with g2 > 1/2, and q1 > g2 + 1/2.
» One-sided Lipschitz and polynomial growth conditions.

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square
convergence theorem for SDEs with locally Lipschitz coefficients and its applications.
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Can we use the fundamental mean-square convergence theorem? No!

Assume:

» Both X and X have bounded moments:
2p < 2p P < 2p
E Lmax X ] COL+E[X[]), E [Omta<xT|Xt| } C(L+E[X]).
» The one-step approximation is consistent:
‘]E [X:;FLX . Xéi—lvx] ‘ <cC (1 + |X|2a)1/2 Afu’
o ~e (2P 1/(2p)
(el ) ™ st

with g2 > 1/2, and q1 > g2 + 1/2.
» One-sided Lipschitz and polynomial growth conditions.

Then, for any nand i = 1,..., n the following inequality holds:

(IE UX“ ~ X,

Tretyakov & Zhang (SIAM J. Numer. Anal., 2013): A fundamental mean-square
convergence theorem for SDEs with locally Lipschitz coefficients and its applications.

Irene Tubikanec Johannes Kepler University Linz
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What to do in the locally Lipschitz case?

Higham, Mao & Stuart (SIAM J. Numer. Anal., 2002): Strong convergence of
Euler-type methods for nonlinear stochastic differential equations.
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What to do in the locally Lipschitz case?

Assume:

> Both X and X (continuous-time version of Euler-Maruyama) have
bounded moments.

» Locally Lipschitz coefficients.

Then:
lim IE[ sup ‘Xt—Yt

A—0 0<t<T

1

Higham, Mao & Stuart (SIAM J. Numer. Anal., 2002): Strong convergence of
Euler-type methods for nonlinear stochastic differential equations.
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What to do in the locally Lipschitz case?

Assume:

> Both X and X (continuous-time version of Euler-Maruyama) have
bounded moments.

» Locally Lipschitz coefficients.

Then:
lim IE[ sup ‘xt—Yt

A—0 0<t<T

1

Idea of proof:

» Define the stopping times:
X . . X . Y XA X
pr =inf{l0 <t < T :|Xe| >R} pr:=infl0<t<T:|X¢ >R}, pr:=prApr.

» Divide the error into two parts:

]E[ sup Xt—yt Xt—yt Xt_yt

0<t<T

2
} < IE'I[ sup
0<t<T

2 2
1{pR>T}]+E{ sup 1{pR5T}]

0<t<T

Higham, Mao & Stuart (SIAM J. Numer. Anal., 2002): Strong convergence of
Euler-type methods for nonlinear stochastic differential equations.

Irene Tubikanec Johannes Kepler University Linz 16



What to do in the locally Lipschitz case?

Assume:

> Both X and X (continuous-time version of Euler-Maruyama) have
bounded moments.

» Locally Lipschitz coefficients.

Then:
lim IE[ sup ‘xt—Yt

A—0 0<t<T

1

Idea of proof:
» Define the stopping times:
X . . X . 2 XA X
pr =inf{l0 <t < T :|Xe| >R} pr:=infl0<t<T:|X¢ >R}, pr:=prApr.
» Divide the error into two parts:
Xt —yt

]E[ sup Xt—yt

0<t<T

2 —
} g]E{ sup (xt—xt
0<t<T

2 2
1{pR>T}}+E{ sup 1{pR5T}]

0<t<T

Higham, Mao & Stuart (SIAM J. Numer. Anal., 2002): Strong convergence of
Euler-type methods for nonlinear stochastic differential equations.
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> Localized fundamental theorem for general SDEs: dX;: = f(t, X;)dt + g(t, X¢)dW:

> Global mean-square convergence theorem.
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Our approach: Combine both ideas

> Localized fundamental theorem for general SDEs: dX; = f(t, X¢)dt + g(t, X¢)dW;
Assume:

e Locally Lipschitz coefficients:

|f(t7X)_f(t7Y)|+|g(t7X)_g(tvy)l S CR'X—}/|, vt e [07 T],Vx,y € BR(O)

® Local consistency:

1/2
" J— 2
<IE [x“;_x L X D < CpAY, with g > 1.
t,‘/\pR'._ t,‘/\pR',_

> Global mean-square convergence theorem.
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Our approach: Combine both ideas

> Localized fundamental theorem for general SDEs: dX; = f(t, X¢)dt + g(t, X¢)dW;
Assume:

e Locally Lipschitz coefficients:

|f(t7X)_f(t7Y)|+|g(t7X)_g(tvy)l S CR'X—}/|, vt e [07 T],Vx,y € BR(O)

® Local consistency:

ti_q1,Xx ~li—1,X
E||x1" - X1
i—1 i—1

tiApp tiApp

Then, for any nand i = 1,..., n the following inequality holds:

21\ /2
D < CrAY, with g > 1.

2 1/2 1
(E UX’“ _Xfi‘ 1{PR>t,-}D < GRATT

> Global mean-square convergence theorem.
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Our approach: Combine both ideas

> Localized fundamental theorem for general SDEs: dX; = f(t, X¢)dt + g(t, X¢)dW;
Assume:

e Locally Lipschitz coefficients:

|f(t7X)_f(tvY)|+|g(tvx)_g(t7y)| S CR'X—}/|, vt e [07 T],Vx,y € BR(O)

® Local consistency:

ti_q1,Xx ~li—1,X

E X7 X
i—1 i—1

tiApp tiApp

Then, for any nand i = 1,..., n the following inequality holds:

21\ /2
D < CrAY, with g > 1.

o 1/2
(E Uxfi - X’i‘ 1{PR>t;}D < CraTh
> Global mean-square convergence theorem.
Assume in addition: ® Both X and X have bounded moments.
Then:

sup E ['th- _ytilz] — 0.
i=0,...,n AlO
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Application: splitting methods for stochastic Hodgkin-Huxley type systems

» Derivation of continuous-time extensions X of the splitting methods.

Recall our splitting method:

)’zt,- — (¢[A2;Det] ° ¢[A1;Stoch]> ()?t,-,l)
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Application: splitting methods for stochastic Hodgkin-Huxley type systems

» Derivation of continuous-time extensions X of the splitting methods.

Recall our splitting method:

)?fi _ (¢[A2;Det] o ¢[A1;Stoch]) ()?ti—:l)

Define:

Yt = (¢£2_]2e,lcl 0 ¢£1_St,tfih]) (yfi—l)’ vt € (t'-fl’ ti]
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Application: splitting methods for stochastic Hodgkin-Huxley type systems

» Derivation of continuous-time extensions X of the splitting methods.

Recall our splitting method:

)~<t,- _ (¢[A2;Det] o ¢[A1;Stoch]) ()?ti—:l)

Define:

Yt = (¢£2_]?,ejl 0 ¢£1_St,tfih]) (yfi—l)’ vt € (t'-fl’ ti]

» Proof of local consistency for X (of order g = 3/2).
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Application: splitting methods for stochastic Hodgkin-Huxley type systems

» Derivation of continuous-time extensions X of the splitting methods.

Recall our splitting method:

)?fi _ (¢[A2;Det] o ¢[A1;Stoch]) ()?ti—:l)

Define:

Yt = (fﬁ?_?lejl 0 ¢£1_St,tf:h]) (yfi—l)’ vt € (t'-fl’ ti]

» Proof of local consistency for X (of order g = 3/2).

» Proof of boundedness of moments for X.
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Summary

> We considered stochastic Hodgkin-Huxley (HH) type systems and
proved boundedness of moments.

» We constructed splitting methods for these systems, exploiting their
conditional linearity.

» We established structure-preserving properties of these methods,
especially state-space preservation and ergodicity.

» We developed a localized fundamental theorem of mean-square
convergence, together with a global mean-square convergence result
(without rate), for general SDEs.

» We applied these convergence results to the proposed splitting methods
for stochastic HH type systems, including proofs of local consistency and
boundedness of moments for continuous-time extensions of the schemes.
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