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NOTATIONS:

| - | is the Frobenius norm of matrices (Euclidean for vectors)
|| - ||m is the standard norm of m—linear operators

(-,-) is the standard Euclidean scalar product of vectors
aAb=min{a, b}, aV b= max{a,b}

V = C([-7,0];RY) is a class of continuous functions

V= (V,| ) is a Banach space with the supremum norm
L(X,Y) is the space of all bounded linear operators

M;(X': Y) is the space of all i—linear operators from X' to Y
(Q, F, P) is a complete, filtered probability space

{Ft}e>0 is the filtration on the probability space which
satisfies the usual conditions (it is non-decreasing, continuous
from the right and Fy contains all P—null sets)

@ w is a standard dj—dimensional Wiener process, J:—adapted

FIELD OF INVESTIGATION:
Strong solutions - solutions on a fixed probability space
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STOCHASTIC DIFFERENTIAL EQUATION (DIFFERENTIAL FOR,M)

dx(t) = a(t, x(t))dt + b(t,x(t))dw(t), t € [to, T], x(to) = xo.
(1)

0 <ty < T are fixed real numbers

a:[ty, T] x RY — R is the drift coefficient

b: [tg, T] x R? — RI*9 is the diffusion coefficient
a and b are Borel measurable

Xo is Fy,—measurable, R9—valued random variable

x(t) is an R%valued random variable for any t € [to, T]

Stochastic differential equations (SDEs) cannot be solved in
general, but, they can be solved under some conditions for its
coefficients.
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THEOREM (SUFFICIENT CONDITIONS FOR EXISTENCE AND
UNIQUENESS OF SOLUTION)

If the drift and diffusion coefficients of Eq. (1) satisfy the local
Lipschitz condition and the linear growth condition, then there
exists a unique solution x = {x(t), t € [to, T]} to Eq. (1) with
initial condition x(tp) = Xo.

THEOREM (SOME SUFFICIENT CONDITIONS FOR EXISTENCE

AND UNIQUENESS OF SOLUTION)

If the drift and diffusion coefficients satisfy both local Lipschitz
and monotone condition, then there exists a unique solution to
equation (1).
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LEMMA

If the drift coefficient a satisfies one-sided Lipschitz condition and
the diffusion coefficient b satisfies global Lipschitz condition, then
the monotone condition holds for coefficients of the equation (1).

(Higham, Mao, Stuart (2002)):
If the drift coefficient satisfies the one-sided Lipschitz condition
and the diffusion coefficient satisfies the global Lipschitz condition,
then the stochastic differential equation (1) has a bounded p-th
moment for p > 2, i.e., for every p > 2, thereis C = C(p, T) > 0,
such that

E sup |x(t)|” < C(1+ ElxlP).

te[0,T]
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Consider SDE (1) of the It6 type in integral form:

STOCHASTIC DIFFERENTIAL EQUATION (INTEGR,AL FORM)

t t
x(t) = xo+/ a(u,x(u))du+/ b(u, x(u))dw(u), t € [to, T] (2)
to to
e Define the arbitrary partition of the time interval [to, T]:
to<ti<---<th=T. (3)

@ nis large enough such that
5n:max{t,-+1—t,-\i€ {0,...,[7—1}} < 1.
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GOAL:

Approximation of the solution x = {x(t), t € [to, T]} of Eq. (2)
with initial condition x on partition (3) via processes noted as
x" = {x"(t), t € [to, T]}, which are obtained by successive
connecting of solutions of the Egs.

t m a(i)sx” x"(s) — xN i
Xn(t) :Xn(tk)+/ Z X ( > (tk))(l| ( ) (tk)) ds

t j=0

t m2 (i) n n n i
5 (=) =) gy

te [tk7 tk-‘r-l]a

with the initial data x"(ty) = xo for k = 0 and x"(ty) for
k € {1,...,n— 1}, in division points of the partition (3).
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ASSUMPTIONS:

A1 : There exist Taylor expansions of the functionals a and b in
the first argument up to the myi-th and my-th derivatives,
respectively.

As 1 Functions a&mﬁl) and b&mZH) are uniformly bounded, that

is, there exist positive constants L; and L, such that

1 1
sup (&™) [mer <L, osup BT X) Iyt < Lo

(t,x)€[to, T xRY (t.x)€[to, T xR

As : Functions a and b satisfy the following polynomial condition:
(3D > 0)(3q € No) (¥x,y € RY)(Vt € [to, T]),

la(t, %) — a(t, ) 2V [b(¢, x) — b(t, y)2 < D(L+|x1%+ |y|) x — y[2.
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Ay : Functions a(-,0) and b(+,0) are bounded on [tp, T], that is,
there exist positive constants C, and Cp such that |a(t,0)| < G,
and |b(t,0)| < Cp, for t € [to, T].

As : There exist unique solutions x and x” of Egs. (2) and (4),
respectively, for appropriate initial conditions such that for some
p > 2 and @ > 0 independent of n, for M = my V my,

)

E sup ‘X(t)‘p(1+(qu)) < 00

te(to, T]

E sup ’Xn(t_)‘P(l'i‘(’\/l\/q))2 < Q < oo.
t€(ty, T]
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NOTE:

@ Some well-known inequalities are used, such as the Holder and
the Burkholder-Davis-Gundy inequality, and some special ones,
such as the integral Bihary type inequality (Oguntuase 2000).

@ One elementary inequality (corollary of the Holder inequality)
is specifically used in the sequel: for every nonnegative real
number r and for all vectors a;, i € {1,...,n}, n € N, from
the normed space (W, || - [|w),

r

SV i (5)
i=1
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Lemma

Let {x"(t), t € [tk, tkt1]}, k € {0,...,n— 1} represent the
solutions of Eqs. (4) with the appropriate initial conditions and let
us assume that the conditions A1 — As are satisfied. Then, for
every 0 < r < p(l+ (MVq)),

E|x"(t) — x"(ta)|” < C'61/2, t€[tetera], ke{0,...,n—1},

where C' is a constant independent of both n and 6,.
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Theorem

Let x = {x(t), t € [to, T]|} and {x"(t), t € [t, tk+1]},

k € {0,...,n— 1} represent the solutions of Eqs. (2) and (4),
respectively, with the appropriate initial conditions. Let us assume
that the conditions Ay — As are satisfied. Then, for every p > 0,

E sup |x(t) — x"(t)]P < Ke{™ P2,
te(to, T)

where m = my A my and K is a constant independent of n and d,,.

Theorem

Let the assumptions of Theorem 2 be satisfied and let there exist a
decreasing sequence (A\p)nen Of positive real numbers such that

An — 0 when n — oo and 3" 6,\,%2 < 0o. Then, the sequence
(x")nen of the solutions of Eqs. (4) converges almost surely to the
solution x of Eq. (2).
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EXAMPLE
Autonomous stochastic differential equation:

dx(t) = (- ax(t) + Bsinx(t))dt + o(1 — 2sin x(t))dW(t), (6)

te[0,T], x(0)=0; «,,0€R.
Drift coefficient —  a(x) = (—ax3 + Bsinx);
Diffusion coefficient —  b(x) = o(1 — 25sin x).
@ a, b - continuously-differentiable = locally Lipschitz
continuous
@ a - not globally Lipschitz continuous
@ b - globally Lipschitz continuous
@ a - satisfies one-sided Lipschitz condition for o > 0
= All assumptions of the existence and uniqueness theorem are

satisfied and the equation (6) has unique solution x which satisfies
x(0) =0 aus.
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@ Assumptions A3z and A4 are satisfied

= Lemma (Higham, Mao, Stuart (2002)) implies that
E supg<i<T Ix(t)|" < C(1+ E|x(0)|") < Q, for r > 2

= Condition As holds for the solution x

NOTICE: Equation (6) is not explicitly solvable.
@ Subsegments [ty, tx41] of the partition (3) are transformed
into [0, txp1 — te], k€ {0,1,...,n—1}.
e Approximate equations (4) are constructed by Maclaurin

approximations of functions a and b instead of Taylor
approximations of those functions near the points x(tx).
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e Time translation t = tx + u, for k € {0,...,n— 1},
transforms the equation (6) into

dx(u) = (—ax3(u)+ Bsink(u))du+o(1—2sink(u))dW(u), (7)
UE[O,thrl—tk], kE{O,...,n—l}.

k = 0 +— the initial condition is X(0) = 0 a.s.

k € {1,...,n— 1} — the initial conditions are determined
successively as the values of the process X(u) in the points
te — ti—1.
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(1) Maclaurin approximations:
a — up to the 3rd derivative; b — up to the 2nd derivative

a(x) ~ —%x'j + Bx, b(x)~ —-20x+o0, (x—0)

o A1, A> hold <= (sup, [a®(x)| < |B], supc|b" (x)| < 2|0])

The approximate solution {X"(u), u € [0, T]} is constructed
successively by using the solutions of the equations

dx"(u)= (— 6a;_’g(id’(u))3—i—6>~<"(u)> du + o(1—2%"(u))dW(u) (8)
uG[O,tk+1—tk], kG{O,...,n—l}.

k = 0 — the initial condition is X"(0) = 0 a.s.

k € {1,...,n— 1} — the initial conditions are determined

successively as the values of the process X"(u) in the points

te — ty—1.
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Equations (8):
@ Aren't explicitly solvable
o Coefficients do satisfy the same conditions as coefficients of
the initial equation (6) for « > —3/6 and
E supp< <t IX"(u)|" < a (1+ E|x(0)]") < Q, for r > 2.
The time translation implies

dx”(t)z(—“ﬁ(x"(r))%ﬂx"(t))dt+o—<1—2x"(t>)dvv<t) (9)

t € [tk, tkr1], ke€{0,....,n—1}

Successive connecting of the processes {x"(t), t € [tk, tk+1]}
k €{0,..., n—1}, in the partition points is almost surely
continuous solution {x"(t), t € [0, T]}.

Theorem 2 gives the rate of closeness in the LP sense

3
E sup ‘x(t)—x"(t)‘pgKé,%p.
te[0,T]
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(1) Maclaurin approximations:
a — up to the 2nd derivative; b — up to the 2nd derivative

a(x) =~ fBx, b(x)~—-20x+o0, (x—0)

The approximate solution {X"(u), u € [0, T]} is constructed using
the equations

dx"(u) = BX"(u)du 4 o(1 — 2%"(u))d W (u), (10)
u€f0,ter1 —tk], k€ {0,...,n—1}.

k = 0 — the initial condition is X"(0) = 0 a.s.

k € {1,...,n— 1} > the initial conditions are determined
successively as the values of the process X"(u) in the points
ty — ty—1.
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Equations (10) are inhomogeneous linear stochastic differential
equations with multiplicative noise:
o Coefficients satisfy global Lipschitz condition and linear
growth condition
= Equations (10) are explicitly solvable (for example, Kloeden,
Platen (1999)). Theirs solutions are

)~<n(u) _ )?ge(ﬁ—2a2)u—2o(|ﬂ/(u)—W(O))

4202 /” o (B-202)(u—5)—20(W(u)~ W(s)) 4
0

+U/we(ﬁ2¥mlﬂHdWw)W@»wW“L
0
UG[O,thrl—tk], kE{O,...,n—l},

and, for r > 2, following holds (for example Mao (2008)),

E sup |x"(t)]"=E sup |[¥"(u)]" < c (1+3LEx(0)]") < Q.
0<t<T 0<u<T
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The time translation implies
Xn(t) _ Xn(tk)e(ﬁ—Zaz)(t—tk)—2a(W(t)—W(tk)) (11)

Py /t o (B-207)(t-5)—20(W(£)~W(s)) 4

ty
Ly / " e (8-202)(t=9)-20(W(O- W) gy (),
t
t € [ty, to1], k€ {0,...,n—1}.

Successive connecting of the processes {x"(t), t € [t«, tk+1]},

k € {0,...,n— 1}, in the partition points, makes almost surely
continuous solution {x"(t), t € [0, T]}. Theorem 2 gives the same
rate of closeness in the LP sense as in the previous case.
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(111) Maclaurin approximations:
a — up to the 2nd derivative; b — up to the derivative zero

a(x) =~ fBx, b(x)=o, (x—0)
Then the equations
dx"(u) = BX"(u)du+adW(u), u € [0, tis1—ti], k € {0,...,n—1},

are explicitly solvable (for example, Kloeden, Platen (1999)).
Theirs solutions are

() = (3% +0 /0 e dl(s)).
u€el0,terr —te], ke€{0,...,n—1}
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Time translation implies

t

x(t) = ) (x7(8) + 0 / e dW(s)),  (12)

ty
t € [t tor1], ke {0,...,n—1}.

Successive connecting of the processes {x"(t), t € [t, tk+1]},
k € {0,...,n—1}, in the partition points, constructs almost surely
continuous solution {x"(t), t € [0, T]}.

Theorem 2 gives the rate of closeness in the LP sense

1
E sup |x(t) — x"(t)]" < K&z".
te[0,T]
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The most commonly used method ~— numerical Euler-Maruyama
(EM) method.
It is known that this method, which is based on Taylor expansion
of zero degrees, has order 1/2.
Comparison for the approximate solutions of the initial equation
(6) obtained by:

- The numerical EM method, and

- Analytical method described here (111) for different values of
the parameters «, 8 and o.
The EM method: X =~ x(tx), where Xy =0,

Xir1 = Xk + (—aX? + Bsin Xi) (tis1 — tk) (13)
+o(1 — 2sin Xg) (W (tkr1) — W(tk)),

X(t) = Xk + (t — t) (—aX? + Bsin X)
+o(1—2sin Xg)(W(t) — W(tk)), t € [tk, tkri],

and EM solution is defined by X(t) = X(t) for t € [t, txs1]-
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The result of this comparison can be seen in Figures 1 and 2.

0.4 —E-M
0.10r
b — Taylor (1)
030 —Eow /M 0.08F |—Taylor (Ill)
0.2t |—Taylor (I1)
011 [=Taylor () 0.06¢

: _ 004
-0.1} 0.02}

-0.2} VAl AN ‘ ‘ ‘ ‘
_03! 2 4 6 W Mo

Figure: Trajectories of the solutions to the equations (13), (11) and (12)
for x(0) = 0 and: a = 0.3, 3 = 0.373/108, o = 0.05 (left), o = 0.1,
B =0.1, 0 = 0.01 (right), for d10000 = 0.001 on time interval [0, 10]
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—E-M
0.10f — Taylor (I1)
0.08F — Taylor (Il

0.06f
0.04f
0.02¢

-0.02¢

Figure: Trajectories of the solutions to the equations (13), (11) and (12)
for x(0) =0, @ = 0.5, = —0.2 and: o = 0.01 (left), 0 = —0.01 (right),
for 810000 = 0.001 on time interval [0, 10]

According to the Theorem 2, the sequence of the approximate
solutions (11) has greater order of the LP convergence comparing
to solutions (12) and (13).
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STOCHASTIC DIFFERENTIAL EQUATION WITH TIME
DEPENDENT DELAY (DIFFERENTIAL FORM)

dx(t) = a(x(t),x(t — 6(¢)), t)dt + b(x(t), x(t — 8(t)), t) dw(t),
te [t07 T]: Xtg =1 = {77(0)7 e [_T7 O]} (14)

0<ty< T and 7T > 0 are fixed real numbers
a:RYxR? x [tg, T] — RY is the drift coefficient

b:RY x RY x [to, T] — RY* is the diffusion coefficient
d : [to, T] — [0, 7] is the continuous delay function

7 is Fy,—measurable, V —valued random variable

THEOREM (SUFFICIENT CONDITIONS FOR EU)

If the drift and diffusion coefficients of Eq. (14) satisfy both the
(non-delay) local Lipschitz condition and linear growth condition,
then there exists a unique solution x = {x(t),t € [to — 7, T]} to
Eq. (14) with initial data x;, = 7.
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Consider SDEwTDD (14) of the It6 type in integral form:

STOCHASTIC DIFFERENTIAL EQUATION WITH TIME
DEPENDENT DELAY (INTEGRAL FORM)

(15)

t

+/ b(x(u),x(u — &(v)), u)dw(u), tE€ [to, T]

to

@ Assume that 7 and T — ty have a rational ratio = for
infinitely many positive integers n there exists positive integers
n’ such that (T — ty)/n=1/n" =6,

e n (n') is large enough such that §, < 1

e Define the equidistant partition of the time interval [ty — 7, T]:

to—T=tp<tpp<---<tag<tp<t<---<t,=T (16)
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NOTATIONS:
e Forany t € [ty, T]: 51(t) =t —0(t)
e For any fixed t € [t;, tiy1], i € {0,...,n— 1},
Si={selt,t]|s—d(s)€[tjtiant)}, jeli—n, ... i}

@ For an arbitrary F;—adapted stochastic process
y"={y"(t)|t € [to — T, T]}, the new step-process
y"={y"(t) |t € [to, T]} is introduced as

7Us) = Y xg(s'(h).  seltid,

j=i—n’

for any t € [tj, tiy1], i€{0,...,n—1}
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GOAL:

Approximation of the solution x = {x(t), t € [to — 7, T]} of Eq.
(15) with initial condition 7 on partition (16) via processes noted
as x" = {x"(t), t € [to — 7, T|}, which are obtained by successive
connecting of solutions of the following Egs, for k € {0,...,n—1},

(E) = x7(20) 4 /t M i tk)- x"(s), S) ds (17)

t =0
t 22 dib(x"(ty),X"(s), s
+/th ( (k,-)! ) )dvv(s), t € [tk tiy1l,
i=0

with the initial data x; =7 for k =0 and x;, for
ke{l,...,n—1}, where xi = {x"(t), t € [ty — 7, t]}.

The stochastic process x" = {x"(t), t € [to — 7, T|} obtained this

way is almost surely continuous process.

Miljana Jovanovi¢, Marija Milo3evi¢, Dusan D. Dordevic¢ University of Ni¥, SERBIA



Stochastic differential equations with time dependent delay

2026 STOCHASTICA Colloquium Nig, August 26—28, 2026.

e Egs. (17) have drift and diffusion coefficients which are Taylor
expansions up to the mi-th and my-th derivatives,
respectively, in the first two arguments of the drift and
diffusion coefficients of initial Eq. (15).

o In Egs. (17), d'a(x"(tx),X"(s),s) and d'b(x"(tx),%"(s),s),
for s € [tk, tkt1], k €{0,...,n— 1}, represent
a(x"(tx), %"(s),s) € R? and b(x"(t),%"(s),s) € RNxd,
respectively, for i = 0 and for / > 1 they are

dia(x”(tk),in(s),s)
! o' x"(t),%"(s),s j ~ i—j
=3 (§) P o) ()} n(s) - 27(5)]
(

] </> : bg);(fg)yX"_(Js) D [xn(s) — x"()) [x"(51(s)) — £°(s)] .
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ASSUMPTIONS:

Al 1 There exist Taylor expansions of the functionals a and b in
the first two arguments up to the mi-th and mo-th derivatives,
respectively.

A% All the partial Fréchet derivatives with respect to the first
two arguments of the order my + 1 for the functional a and of the
order my + 1 for the functional b are uniformly bounded, that is,
there exist positive real constants L, and Lp such that

0™ a0 -
sup s <L, je{0,...,m +1},
(x,y,t)ERIXRE X [to, T] 2 aym1+1 J mi+1 ?
O™ by .p)

Szb, jG{O,...,mg—i—l}.
my+1

sup
(x,y,t)ERIXRI X [tg, T]

OxJ 8ym2+1_j
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REMARK:

Boundedness of the partial derivatives in first 2d arguments of
coordinate functions of functionals a and b of the orders m; + 1
and my + 1, respectively, is sufficient for A5:

If there exist positive constants L, and L; such that for every
ied{l,....d}, ke{l,...,d x di}

O™mtlai(x,y,t
sup i(x,y,t)

<L, je€{0,...,m +1}
(X7y’t)€RdXRdX[tO7T] 3X1 e aXd 8yd+1 e 8y2d a { }

J m+1—j
0™t lp(x,y,t
sup k(x,y: t)
(x,y,t)ERI xR x [ty, T] 8X1 c. aXd 8yd+1 . 8y2d

SLb; jE{O,...,mz—l-l},

J my+1—j

ai, b :RYXRY x [tg, T] = R, i€ {1,...,d}, ke {1,...,dxdi},
a=(a1,...,aq4), b=(b1,...,bgxd), then A} holds.
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A% : Functionals a and b satisfy the polynomial condition: there
exist positive real number D and a nonnegative integer g such that
for every x,%,y,y € R? and t € [to, T],

|a(x, v, ) — a(%, 7, )|* V |b(x, y, t) — b(%, 7, 1)
< D(1+ [ )T+ 7)) [(x,3) = (5 7))

Aj : Functions a(0,0,-) and b(0,0,-) are bounded on [to, T], that
is, there exist positive constants Ka_and K} such that

|a(0,0, t)] < K, and |b(0,0,t)| < Kp, for t € [to, T].

AL : There exist unique solutions x and x” of Egs. (15) and (17),
respectively, with appropriate initial data 7 such that for some
p>2and @ > 0 independent of n, for M = my V my,

E sup ‘x(t)‘zﬁ(lva) < Q< oo,
te[to—7,T]
‘Xn(t)‘5[2\/2‘7\/(1-‘!“7/2)(M+1)V(M+1)2] <0

< 0.

Miljana Jovanovi¢, Marija Milo3evi¢, Dusan D. Dordevic¢ University of Ni¥, SERBIA



Stochastic differential equations with time dependent delay

2026 STOCHASTICA Colloquium Nig, August 26—28, 2026.

Bg : Stochastic process 7 satisfies the polynomial condition, that
is, there exist positive constant D’ and a nonnegative integer ¢/
such that for every two real numbers 61,6, € [—,0],

[1(61) = n(62)|” < D' (1+ 162] + 162]") 62 — 6.
NOTE:

@ Delay function ¢ is supposed to be continuous, but usually
authors have more restrictive assumption: Lipschitz continuity.

@ Also, the initial data n is usually Lipshitz continuous and we
assumed more general condition: the polynomial condition.
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Lemma

I Let {x"(t), t € [tk, tux1]}, k € {0,...,n— 1} be the solutions
of Egs. (17) and let us assume that the assumptions A} — Ag are
satisfied. Then, for every 0 < r < (M + 1)p,

E sup |x"(s)—x"(t)|" < T'65/°, t € [th, tisa, k € {0,...,n—1},
SE[ty,t]

where C' represents a positive constant independent of n.
Il In addition to the given assumptions, let Bg be satisfied. Then

sup E|x"(81(s))—%"(s)|" < C"67/% t€th, tsa], k€{O,. .., n-1},

se[tk7t]

where C" stands for a positive constant independent of n.

University of Ni¥, SERBIA
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Theorem

Let all of the assumptions from Lemma 4 Part Il hold and let x be
the solution of Eq. (15) with the initial condition n. Then,

E sup |x(t) —x"(t)‘p < Co{mrIP/2,
te[to—7,T]

where m = my A my and C is a constant independent of n.

Theorem

Let the assumptions of Theorem 5 be satisfied. Then the sequence
(xM)nen of the solutions to Eqgs. (17) converges almost surely to
the solution x of Eq. (15).
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APPENDIX:

@ The main reason for employing more restrictive assumption
(Lipschitz continuity) on ¢ than the assumption we used
(continuity) is to determine the points in which the
derivatives of the coefficients of Eq. (15) with respect to the
second argument will be defined and which will be fixed on
each partitioning interval.

@ These points are of the form x"(ty_|5(s,)/s,/) (instead of
X"(s) for s € [tk, tks1]), k€ {0,...,n—1

@ Previous Lemma and Theorems also hold under this, more
restrictive assumption.
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STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATION
dx(t) = a(xe, t)dt + b(xe, t)dw(t), t € [to, T],
xt, =1 ={n(0), 0 € [-7,0]}.

(18)

a: V x [ty, T] = RY is the drift coefficient

b:V x [to, T] — R9* is the diffusion coefficient

1 is Fi,—measurable, V —valued random variable

x¢ = {x(t+0)|0 € [-7,0]} is a stochastic process, t € [to, T]
x¢(0) = x(t 4 0) for any 6 € [—7,0] and t € [tp, T]

x(t) is an R9%valued random variable for any t € [ty — 7, T]

® ©6 6 6 0 o

THEOREM (SUFFICIENT CONDITIONS FOR EU

If the drift and diffusion coefficients of Eq. (18) satisfy the local
Lipschitz condition and the linear growth condition, then there
exists a unique solution x = {x(t),t € [to — 7, T]} to Eq. (18)
with initial data x;, = 7.
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Stochastic functional differential equations

Consider SFDE (18) of the Itd type in integral form:

STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATION

(INTEGRAL FORM)

t

x())=n(0)+ |

to

a(xy, u)du+/tt b(xy, u)dw(u), t € [to, T] (19)

@ Define the equidistant partition of the time interval [ty, T]:

T—1t
n

h<ti<---<th=T, 6,=

<1.  (20)
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Stochastic functional differential equations

GOAL:

Approximation of the solution x = {x(t), t € [ty — 7, T]} of Eq.
(19) with initial condition 7 on partition (20) via processes noted
as x" = {x"(t), t € [to — 7, T|}, which are obtained by successive
connecting of solutions of the Egs.

t m a( 0 s xs —Xt”k)i
x"(t) =x"(tk) / . ds

t
k i=0 (21)

()
t m2 b s (X Xt )
R G e sl

|
t izo 11

with the initial data x; =7 for k =0 and x;, for
k € {1,...,n— 1}, in the division points of partition (20).
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Stochastic functional differential equations

ASSUMPTIONS:

A7 There exist Taylor expansions of the functionals a and b in
the first argument up to the mi-th and my-th Fréchet derivatives,
respectively.

A% Functionals al™*1) and b(™+1) are bounded in the following
way: (3L,, Ly > 0) (Vhe V)

sup |a§;'j;)“)(h,...,h)y < Lo||h||™ 2,
(x,t)eV X[ty T]

sup |b§;'j§)+1)(h,...,h)} < Lp|[h|™ L.
(x,t)eV x[to,T]

A% Functionals a and b satisfy the polynomial condition:
(3D > 0) (3q € No) (Vx,y € V) (Vt € [to, T])
2 2
|a(x, t)=a(y, )] "V[b(x, t)=b(y, t)|" < D(L+|x[[9+yl|?) | x—y |

A} © Functions a(0,-) and b(0, -) are bounded on [ty, T]:
(3Ks, Kb < 0) (Vt € [to, T]) |a(0,t)| < Ka, |b(0,t)] < Kp.
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Stochastic functional differential equations

AZ . There exist unique solutions x and x" of Egs. (19) and (21),
respectively, for appropriate initial data n such that for some p > 2
and Q > 0 independent of n, for M = my V mo,

E sup ‘x(t)‘2p(1vq) < Q < oo,
te(to—,T]

(t) ‘p[2v2q\/(M+1)(1+q/2)\/(l\/l+1)2

E sup ‘x" ]§Q<oo.

te[to—7,T]

Ce : Stochastic process 7 satisfies the polynomial condition, that

is, there exist positive constant D’ and a nonnegative integer ¢
such that for every two real numbers 61,6, € [—7,0],

[n(61) — n(62)]” < D' (1+ (617 + 162]7) |61 — 022,
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Stochastic functional differential equations

Let {x"(t), t € [tx — 7, tk+1]}, k € {0,...,n— 1} represent the
solutions of Eqs. (21) with the appropriate initial conditions and
let us assume that the conditions A} — AY are satisfied. Then, for
every0 < r < (M+1)p,

E sup |x"(s)—x"(ti)|" < C'67/?, t € [th, trya), k € {0,..., n—1},
s€[tk, 1]

where C' is a constant independent n.
e Equidistance of the partition (20) does not play any role in

the proof of the previous Lemma, but it is required in the
proof of following lemma.
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Stochastic functional differential equations

Lemma

Let the conditions of Lemma 7 and assumption Cg be satisfied.
Then, for every 0 < r < (M + 1)p,

E|lxf —x2||" < C"st/?, te [t tes], k€ {0,...,n—1},

where C" is a positive constant independent of n.
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Theorem

Let us assume that all assumptions of Lemma 8 hold, let x be the
solution of Eq. (19) with the initial condition 1 and x" be the
solutions of Eqs. (21). Then, for every p > 2 which satisfies AL,

E sup |x(t)—x"(1)|" < C5$,m+1)p/2,
t€[to—7,T]

where m = my A mp and C is a constant independent of n.

Theorem

Let the assumptions of Theorem 9 be satisfied. Then, the
sequence (x")en of the solutions of Egs. (21) converges almost
surely to the solution x of Eq. (19).
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ASSUMPTIONS:

D, : Functions aggq.l)ﬂ) and bggv?)+1) are bounded on [ty, T], that
is, there exist positive constants K and KI/: such that

|ra§g"1)“ lm+1 < K and !!b(m2+1)Hm2+1 < K}, for t € [to, T].

D3 : Functionals a, b, al™*1) p(m2+1) satisfy the following
polynomial conditions: (3D,, Dy, D7, D}, > 0)(3qa, 96, 95, q;, > 0)
(Vx,y € RY)(Vt € [to, T]),
2
|a(x,t) = aly, )]” < Da (L + [Ix[[% + [lyl|%)[Ix = yI%,
2
|b(x, t) = b(y, )|” < Du(L + Ix[|% + [y ) Ix = yII?,

ol — a2 < DL+ [Ix]1% + [y ] fx — v,
BT — pimat D2 < DY (L [[x]1% + 11 f1x — v 12
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Stochastic functional differential equations

Ds : There exist unique solutions x and x” of Egs. (19) and (21),
respectively, for appropriate initial data 7 such that for some p > 2
and Q > 0 independent of n, for M = my V mo,

E sup ’x(t)‘zp(lvq) < Q < oo,
te[to—7,T]

E sup ’x”(t)

,2p[1+(Mv<q/z))][2+M+(Mv(q/2)
te[to—7,T]

)]§Q<oo.

NOTE:
@ The initial data 7 is usually Lipshitz continuous and we
assumed more general condition: the polynomial condition.

e Equidistance of the partition (20) does not play any role in
the proof of the following lemma.
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Lemma

Let {x"(t), t € [tk — T, tk+1]}, k € {0,...,n— 1} represent the
solutions of Eqs. (21) with the initial condition n and let us
assume that the conditions A}, AJ, D2, D3, D5 are satisfied. Then,
for every 0 < r < (M+2+[MV Z])p,

E sup |x"(s)=x"(t)|" < Co%/?, t € [tx, tira], k € {0,...,n—1},
SE[tk,t]

where C is a constant independent of both n and §,,.

Lemma

Let the conditions of Lemma 11 and assumption Cg be satisfied.
Then, for every 0 < r < (M+2+ [MV g])p,

E|lxf = x2||” < Béi/?, t € [te, tia], k € {0,...,n—1},

where B is a positive constant independent of both n and §,,.
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Theorem

Let us assume that all assumptions of Lemma 12 hold, let x be the
solution of Eq. (19) with the initial condition n and x" be the
solutions of Eqs. (21). Then, for p > 0

E sup |x(t)—x"(t)|" < H{mHP/2,
te[to—7,T]

where m = my A mp and H is a constant independent of n and ¢,,.

Theorem

Let the assumptions of Theorem 13 be satisfied. Then, the
sequence (x"),en of the solutions of Egs. (21) converges almost
surely to the solution x of Eq. (19).
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Stochastic functional differential equations

EXAMPLE
ONE-DIMENSIONAL (d =1) SFDE

dx(t)= [—a(t)C(x(t))—l—O.Sﬂ(t) sin <2/_(:K(9)xt(0)d0)] dt
+ ay(t)sin (/_0 K(G)xt(e)d¢9>dw(t), t € [to, T]

(22)

e Initial condition x;, =1 = {6, 6 € [-7,0]} - independent of
the one-dimensional (d; = 1) Brownian motion w

2
o C(x)=1J CO\/Syydy, x € R is the Fresnel integral

@ «,f3,a1: [to, T] — R - nonnegative, continuous (= bounded)
e Boundaries: (Vt € [to, T]) (a(t) < @, B(t) < B, a(t) < a1).
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Stochastic functional differential equations

@ The drift and diffusion coefficients from (22) are considered
for an arbitrary but fixed argument t € [to, T].
@ These coefficients can be represented as

aa=a=foh+A1: V>R, b=b=goh:V—-R

@ h:V — R is defined as
0

h(v):/ K(O)v(0)do, veV

—T

e K :[-7,0] — Ry - continuous, satisfies fST K(6)do =1
(Boundedness is enough). For the purposes of this example,
we choose

1
K(O)=—. 0e[-0
@ Functions f,g : R — R are defined as

f(x) =0.55(t)sin(2x), g(x) = a1(t)sinx
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Stochastic functional differential equations

@ A; : V — R is defined as

Ai(v) = —a(t)C(v(0))

Coefficients a and b from (22) are continuously-differentiable (in
the first argument) and globally Lipschitz continuous:

(3L, = 2(a% + 3?) > 0, Lp = 3 > 0)(Vu, v € V)(Vt € [to, T])
‘a(ua t)—a(v, t)|2 < La||U—VH2, |b(u’ t)_b(V7 t)’2 < Lb||U—VH2.
FIRST FRECHET DERIVATIVES:

Functions f, g : R — R are differentiable arbitrary many times in
any x € R, so, there exist Fréchet derivatives £/, g, € L(R,R):

(Vy e R)(f(y) =f'(x) -y €R, g(y) =&'(x) -y €R).
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Obviously h € L(V,R), so, for every u € V, there exists the first
Fréchet derivative in u: h), = h € L(V,R).

Also, there exists the second Fréchet derivative in u:
h'=0¢eL(V,L(V,R)) = T(V2R).

o Let u € V be arbitrary. To find A7, explicitly, if it exists, we
make the difference

Al(u—l—h)—Al(u):LA1h+RA1(u, h), heV.
@ If we can make this decomposition such that

|Ra,(u, h)|/lhllv — 0 as [[Ally — 0 and La, € L(V,R), then
La, = All

ur

There exists the first Fréchet derivative of A;j in arbitrary u € V,
Al, € L(V,R): A} (v) = —a(t)cos(u?(0))v(0).
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The chain rule (for example Flett (1980)) implies that there exists
first Fréchet derivative of a in any u € V,

a, = (foh+ A1), = fa bl + Ay, = foyh+ A1, € L(V,R).

@ This means that, for every v € V
ay,(v)=r"(h(u))h(v) + A1, (v)
0 0
= —a(t) cos(2(0)) v(0) + () cos 2 / K(60)u(6)d0) / K (0)v(6)do.

Also, b, = gé(u)ﬁ € L(V,R) in every u € V. In other words,

(23)

2((9)u(9)d0> / K(6)u(6)d6.

-7

bi(v) = (h()h(v) = ax(t)cos ( [
(24)

Miljana Jovanovi¢, Marija Milo3evi¢, Dusan D. Dordevic¢ University of Ni¥, SERBIA



Stochastic functional differential equations

2026 STOCHASTICA Colloquium Ni3, August 26—28, 2026.

SECOND FRECHET DERIVATIVES:
o Jalle L(V,L(V,R)) <= V > v 5 4, € L(V,R) is Fréchet
differentiable in u € V.
e To find 4! explicitly, we make the difference

c(u+h)—c(u) =Lch+ Re(u,h), heV.

@ If we can make this decomposition such that
1Re(u, Bl (v.r)/lIAllv — 0 as [|h]v — 0 and
Le € L(V,L(V,R)), then L. = ¢, = &)l € L(V,L(V,R)).

It turns out that for every vi,v» € V,

a,(v1)(v2) = 2a(t)u(0)sin u*(0)v1(0)v2(0)
— 2B(t)sin (2h(u)) h(v1)h(v2) € R,

by (v1)(v2) = —ai(t) sin (h(u)) h(v1)h(v2) € R.
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Stochastic functional differential equations

@ The polynomial condition D3 holds for a, b, a” and b” with
g, =4, D, =16[(a® +25°) v3a®]; q, =0, D, =3i;
g2 =0, D, =2(a°+B%); qpb=0, Dp=723.

e Conditions A} and D5 hold for arbitrary K, Ky, K}, K, > 0.

@ The polynomial condition Cg for initial data 7 is satisfied with

the constants D’ =1 and ¢’ = 0.

e Condition Ds holds for the solution x of Eq. (22) (for
example, Mao (2008)).

The second derivative of the drift coefficient a of Eq. (22) is not
uniformly bounded, so, the LP and a.s. convergence results from
Milogevi¢, Jovanovié, Jankovi¢ (2010) can not be applied.

We will prove the existence, uniqueness and p-th moment
boundedness (for any p > 2) of the solution to the corresponding
approximate equation.
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@ Using the Taylor expansion of the first order (m; = my = 1)
near the points x"(tx) for k € {0,...,n— 1}, Egs. (21)
become

X”(t):xn(tk)+/t A(Xs",s;xg()dS—I—/t B(Xs",s;x,_f’k)dw(s), (25)
t € [ty, tkr1], k€{0,1,...,n—1}.
@ The drift and diffusion coefficients are
A(Xf, txp) = —a(t) C(x"(t)) + 0.553(t) sin (2h(x{))
— a(t) cos (x"(t))* [x"(t) — x"(t)]
+ B(t) cos (2h(xE,)) [h(x") — h(xg,)]
B(x{, t; thk) = a1(t)sin h(xt ) + a1(t) cos h(xt )[ (x{) — b(x{’k)]

(26)
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Stochastic functional differential equations

NOTATION:
n—1

Z"(t+0) = Z /[tk,tk+1)(t)xn(tk+9)a 0 €[-7,0], telt,T] (27)
k=0

e Egs. (25) can be represented as

x"(t) = 77(0)+/ A(s,xs",zs")ds+/t B(s,x.,z0)dw(s), t € [to, T] (28)

to

e For any s € [to, T],

A(s,x2,2) = —a(s)C(2"(s)) — a(s) cos (2(s))*(x"(s) — 2"(s)) (29)
+ %B(s) sin(2h(z27)) + B(s) cos(2h(24)) (h(xS) — h(z)),
B(s: x5, 2) = ai(s) sin(h(z7)) + a(s) cos(h(z7))(h(x') — h(2)). (30)
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Stochastic functional differential equations

@ We use the Khasminskii approach (this approach is
successfully applied in many papers, such as, for example,
Song, Hu, Mao, Zhang (2013) in the context of SFDEs) to
prove the existence, uniqueness and moment boundedness of
the solution to Eq. (28).

o Coefficients of Eq. (28) satisfy the local Lipschitz condition.

So, for the initial condition 7 there exists a unique local solution

{x(t),t € [to — T, Te)}, Where T, is the explosion time.

@ There exists an integer ry such that

[nll = sup [n(@)] =7 <r.
0e[—7,0]

@ For each integer r > ry, define the stopping time
7r = T Ninf{t € [to,7e) : [X"(t)] > r}, infO =o00. (31)

@ Obviously, 7, increases as r — 0.
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@ Define 750 = lim, 00 Ty, Too < Te a.s.

o GOAL: prove that 7o, = T a.s., which implies that 7. = T,
(the solution {x(t),t € [to — T, T]} does not explode in finite
time)

Let us assume that p > 2. Using the Ito formula,
Burkholder-Davis-Gundy and Young inequality, we obtain

E sup |x"(sAT)P

s€[to—T,t]
t
< 2E\|77\|p+3p(11p—21)/ E sup |x"(uAnT)Pds (32)
to  u€lto—T,s]
tAT, AT,
+ 25/ A(s, X", 20)|Pds + 2(33p — 1)5/ IB(s, ", 27)|Pds.
to to
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Stochastic functional differential equations

@ The Fresnel integral is bounded by the constant 0.977451424
o There exists C; > 0 such that CP > 4P=1{[aP + (B/2)P] v 3P}

|Als, x5, 20)IP < CF [1+|x"(s) = 2"(s)IP + [h(x) —h(z)IP] (33)

S)°S

@ There exists C> > 0 such that C2p > 2p_1§f

B(s, x5, 25)IP < G [1 + [h(x]) — h(z5)IP].- (34)

R AaC)
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e By substituting (33) and (34) into (32), with the application
of the Holder inequality, we have that, for all t € [ty, T,

t
E sup |x”(s/\T,)|”<Hl(p)—l—Hg(p)/E sup |x"(uAT,)|Pds, (35)

s€[to—,t] to u€ltog—T,s]

where

Hi(p) = 2E|nlP +2[ ¢f + (33p — DCE| (T — o),
Ha(p) = 3p(11p — 21) + 2PTLCP + 2P(33p — 1)CY.

@ The Gronwall-Bellman lema yields

E sup |x"(sA7,)|P < Hy(p)ePT=0)  r>ry t ety T].
s€[to—T,t]
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Particularly, we have that

E sup [xX"(sA7)lP < Hi(p)e™PT=0)r>r (36)
Se[tofT,T]

In a view of (31) and (36), we have that

rPP{r, < T} < Hi(p)e®P)T=0) > (37)

Thus, letting r — oo in the last inequality we obtain that
P{Teo < T} =0, thatis P{7oc > T} =1.
On the other hand, letting r — oo in (36) implies

E sup |x"(s)|P < Hy(p)ePN(T—t0),
s€[to—7,T]

Miljana Jovanovi¢, Marija Milo3evi¢, Dusan D. Dordevic¢ University of Ni¥, SERBIA



2026 STOCHASTICA Colloquium Ni3, August 26—28, 2026.

Stochastic functional differential equations

There exists a unique solution of Eq. (28) with bounded p-th
moment, for any p > 2, which yields Ag.

@ Theorem 13 gives the rate of the closeness in the LP sense

E sup |x(t)—x"(t)|” < Hsb.
te[to—7,T]
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Neutral stochastic differential equations with constant delay

NEUTRAL STOCHASTIC DIFFERENTIAL EQUATION WITH
CONSTANT TIME DELAY (DIFFERENTIAL FORM)

d[x(t) = D(t,x(t — 7))] = f(t,x(t),x(t — 7))dt (38)
+ g(t, x(t),x(t — 7))dw(t), t € [to, T],

with initial data n = {n(6), 6 € [-7,0]}.

o 7>0<ty < T are fixed real numbers

o D:[to, T| xRY =R f:[t, T] x R x R = R and
g : [to, T] x RY x RY — R¥*Y" are Borel measurable

@ 7 is Fy,—measurable, V —valued random variable

o x(t) is an R%valued random variable for any t € [to, T]
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Neutral stochastic differential equations with constant delay

In the work of Tan, Yuan (2019), an autonomous version of
NSDDE (38) is observed:

d[x(t) = D(x(t = 7))] = F(x(t), x(t — 7))dt (39)
+ g(x(t), x(t — 7))dw(t), t>0

with initial data n = {n(0), 0 € [ T, 0]} which is R —valued,
Fi—adapted process for which f 0)|Pdf < +o0 a.s. and
Ef In(6)|Pdf < +o00 holds, p > 2 and where also:

o coefficients D, f and g are continuous;

o for every i € {1,2,3} there exist functions
V; :RY x R? — R, for which there exist constants L; > 0
and ¢; > 0 such that for all x,y € R

0 < Vi(x,y) < Li(1+ |x|% + [y[%).
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@ (S1) Let there exist a positive constant Kj such that for all
x,y, %y € R?

(x = D(y) = %+ D(¥), f(x,y) — f(%,7)) < Ki|x = %> + |Va(y, 9)ly — 7%
[f(x,y) = F(x,9) < Valy, 9)ly — 7.

@ (S2) Let there exist a positive constant K> such that for all
x,y,%,5 € R

g(x,y) — g(%,¥)| < Kalx = X[ + Va(y, ¥)ly = ¥I.
o (S3) Let D(0) =0 and let for every x, % € RY

|D(x) — D(X)| = V3(x, %)|x — .
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Neutral stochastic differential equations with constant delay

LEMMA (TAN AND YUAN (2019))

Assumptions &1 — S3 imply that there exists a unique global
solution x of Eq. (39) with initial data 7 such that for every T > 0
there exists a positive constant C = C( T, p,n) such that

E sup |x(t)|” < C.
te[0, T]

Consider NSDE (38) of 1t6 type with initial data 7 in integral form:

NEUTRAL STOCHASTIC DIFFERENTIAL EQUATION WITH
CONSTANT TIME DELAY (INTEGRAL FORM)
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Let us assume the following:
@ (A1) There exists a nonnegative constant ry such that
Inll < r a.s.

e (Ap) For all t € [tp, T], neutral coefficient D satisfies
D(t,0) = 0 and it satisfies the polynomial condition: there
exist nonnegative constants L; and ¢; such that for every
t € [to, T] and y, 7 € R¥,

D(t,y) = D(t,7)] < Li(L+ |y[* +7")ly — 7.

o (A3) There exist nonnegative constants f and g such that for
all t € [to, T], coefficients f and g satisfy f(t,0,0) < f and
g(t,0,0) < g, and, also: there exist nonnegative constants
K>, K3, Ly, L3, #> and ¢3 such that L, V L3 > 0 and that for
every t € [tg, T] and x,y, %,y € R,

[F(t,x,y) = F(£,%,7)| < Kalx = %+ Lo(1+ |y [ + |71 |y = 71,

lg(t%, ) — 8(t.%9)| < Kalx = x|+ La(1+ IyI" + 171")ly = 71,
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@ On the basis of the Young inequality and consequences of the
Holder inequality, assumptions A and A3 imply that for
every t € [tg, T] and x,y, %, 7 € R,

<X - D(tay) — X+ D(t>)7)7 f(t,x,y) - f(t7)?7.)7)>
< (14 KD)x = %2+ 9L + L) (1+ |4V +174Y2) "y — 3P,
that is, &7 is satisfied.
e Lemma (Tan, Yuan (2019)) guarantees that there exists a

unique global solution x = {x(t), t € [ty — 7, T]} of Eq. (40)
with initial data 7, which for p > 2 satisfies

E sup |x(t)]” < C(E|ln|[?) = P,
te(to, T]

where

T—t
=1+ 1Vl Vi3), j:[ ﬂ.

T
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@ Let T—ty and 7 have a rational ratio: there exist integers
n,n’ > 0, large enough, such that §, = (T—ty)/n=7/n" < 1.
@ Let us define the equidistant partition of the time interval
[to -7, T]Z

th—T=tp< - <tg<tp<ty<---<t,=T. (41)

Let us now impose the following assumption:

@ (B1) Function D allows Taylor expansion up to the order m;
on the second argument and functions f and g allow Taylor
expansions up to the orders my and ms, respectively, on the
third argument.
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Neutral stochastic differential equations with constant delay

GOAL:

Approximation of the solution x = {x(t), t € [to — 7, T]} of Eq.
(40) with initial condition 1 on partition (41) via stochastic
processes noted as x" = {x"(t), t € [top — 7, T|}, which are
obtained by successive connecting of solutions of egs.

m () _
x"(t) — Z w<xf7(t —7) = x"(ty — 7_))1
i=0 '

= x"(tx) = D(tx, x"(tx — 7))

t m2 f(l)n n(s
L / Z (5,x7(s),x"(t—T))

g (x"(s —7) = x"(tx — 7)) 'ds (42)
ti =0 1!
E I Ban(s)or (i)
s,x"(s),x"(tx—T1 n n i
i /tk z; i! 2 (x"(s = 7) = X"(tk — 7)) "dw(s), t € [tk, trral,

with the initial data 7, k = 0 and {x"(tx +6), 6 € [-7,0]}, kK > 0.
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The stochastic process x” = {x"(t), t € [to — 7, T|} obtained this
way is almost surely continuous process.

NOTATIONS:
For every k € {0,...,n— 1} and t € [tx, txt1], let:
2L Do) '
~ n n t,x"(tx—T n n !
D(t,x"(t = 7)ix"(t = 7)) = >, === (x"(t = 7) = x"(t = 7))
i=0

F(t,x"(t),x"(t —7); x"(tx — 7'))

t M2 f n n H
/ (SX (s) x (tk 7) (X (s —7)— x"(tx — T))’dS
tk =0 '
G(t,x"(t),x"(t —7); x"(tx — 7))
my (i)
b= (s x x"(ty—T1 i
— / Z (5. (S)’, (te=7)) (x"(s = 7) — x"(tx — 7)) "dw(s).

]
b o i
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Neutral stochastic differential equations with constant delay

NOTATIONS:
For every t € [to, T] (for }_;cpai = 0), let:

"(t—T) Z Xt ter) (D)X (tk = T) + Xy, ) ()X (En—1 — T);
y{ =x (t—T), z =Z2"(t — 7).

THEN: Egs. (42) can be written shortly as one equation:

x"(t) — E(t,yt”;z,_f’) =n(0) — D(to,n(—T)) + /t F(s,x”(s),ys";zg)ds

to

+ /t G(s,x"(s), yd; z)dw(s), t € [to, T]. (43)

to
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Neutral stochastic differential equations with constant delay

ASSUMPTIONS:

o (B,) Functional D(M+1) satisfies following:
There exists a nonnegative constant ¢; such that for all
tefto, T]itis D((éné;rl) < ¢ and D(M*1) satisfies the
polynomial condition: there exist nonnegative constants L
and ¢} such that for every t € [tp, T] and y,y € RY,

D — DSy < L (1 Iyl + (51%)ly — 3.

e (B3) Functionals f(m*1) and g(m+1) satisfy the polynomial
condition on the third argument: there exist nonnegative
constants L%, L%, ¢4 and ¢4 such that for every t € [ty, T] and

x,y,y € R,
Hf(tfrf;l ((tn>1<2,)J/rl)Hm2+1 < Ly(1+ |yl +[7]2) |y — 71;
Hg(;nxa,t)l - g((:j:”/_)l)Hm3+1 Ly (1 + |yl + |7]%) |y — |-
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o (B4) Functionals F(m*1(.,. 0) and g(m*1)(., ., 0) are
uniformly bounded: there exist nonnegative constants ' and
g’ such that

sup 7725 a < sup

(m3+1) —/
(t,x)€E[to, TIxRY (t,x)€E[to, TIXR? H

(t,x,0) Hm3+1 < g -
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THEOREM 1 (PART 1)

Assume that the conditions A; — A3z and By — B, are satisfied. Let
the functional D(1), for iy € {1,...,m1}, considered as a function
defined on [tg, T] x RY, and the functionals f(2) and g(3), for

i e{l,...,m} and i3 € {1,..., m3}, considered as functions
defined on [tg, T] x RY x R9, satisfy following local Lipschitz
conditions:

(Vk € N)(IKk > 0)(Vt € [to, T])(Va € {1,2,3})(Vin € {1,...,my})
(Vx,y,%,5 € RT: x| V [y VIX| V7] < k)

156 = Dl < Kaly =31

1752,y = el <

Hg(l{?))(,y) tx,y)H/3 = Kk(’X—)?‘—i—‘y—j}‘).

Kic(lx = %[ + 1y = 71);:
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THEOREM 1 (PART 2)

Then, Eq. (43) has a unique global solution
x" = {x"(t), t € [to — 7, T|} with initial data n which, for every
p > 0 satisfies

i—1 . i1
E sup_ [x(s)|” < 7 P (EnI"?) = 7P,
s€(to, T

where

T—to-‘

’y:l—i—maX{e,,ei‘i‘m,"i_l‘l6{17273}}7 J:’V -
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Let L, = {x e R?||x| < r}.
One can consider slightly different conditions and obtain the same
existence and uniqueness result.

NOTATIONS:
= (8. 6)| v 157511 = [0l
= [F(£.0.0)V [1feoy lpsr B2 = Hf(fo),¢ e
G =18(t.0.0)|V g iy I G = lletios i

ASSUMPTIONS (i, j, k € {1,2}):
® (Cijk) There exists a nondecreasing real function
h : [ro, +00) — R4 such that for every r > ry (and
in€{0,...,m}) (and i € {0,...,m2}) (and
iz € {0,...,ms}),

sup (AiV BV Ci) < h(r) as
(t,¢)E[O,T]XrL
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e (D1) For any r > 0 there exists K, > 0 such that for all
t €[to, T] and x, %,y € L,

£ = £ |, < Kelx = %I, 2=0,7;

t,x,y) (t,x,y) i

Hg(t X,y) g((tl3))<,y)H,3 = Kf‘x - 56’7 i3 =0,/3.

Under the assumptions of A1, B1, D1 and one of the assumptions
Cijk. i,j,k € {1,2}, NSDDE (43) with initial condition 7 has a
unique global solution x” = {x"(t), t € [to — T, T]}.
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FURTHER ASSUMPTIONS:
@ (C1) There exist nonnegative constants K3, L5, K{, L4, ¢5 and
% such that for every t € [tg, T] and x,X,y,y € RY,

[7{m i — £l K3 lx = %] + L (1 + IyI% +171%) |y - 31

(t,x,y) (t,%,%) Hm2+1 —

+1 +1 ~ K" ~ 5// ~
gy — g2 b ey < K5 Ix — &1+ L5 (1 + [y]% +171%) 1y = 71,

@ (C2) Functional D satisfies the polynomial condition on the
first (time) argument:
There exist nonnegative constants Lg and ¢y such that for
every s, € [to, T] and y € RY,

|D(s1,y) — D(s2,y)| < Lo(1+ s{° + 55°)[s1 — o).

@ (C3) Initial data 7 satisfies the polynomial condition:
There exist nonnegative constants A and A such that for every
0',0" € [-1,0],

[(6") = n(0")] < A(L+10'1* +16"1) 16" — ¢"].
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PROPOSITION 1

Let x" be a solution of Eq. (43) with initial data 7. Assume that
the conditions A; — Az, B1, B, Bs and C; — C3 are satisfied.
Then, for every r > 0, following holds

E sup |x"(s)— x”(tk)’r < @j(f'j_lr)é,r,/z,
SE[tk,t]

j—1
where @1(71 ") is a constant which is independent of n and 4.
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THEOREM 2

Let all the assumptions from the previous Proposition 1 hold and
let x be the unique solution of Eq. (40) with initial data 1. Then,
forall p>0and g > 1,

E sup |x(£) —x"(t)|P < CaymtIP2ta,
te[to—7,T]

where m = my A ma A m3 and C is a constant which is
independent of n and J,,.

THEOREM 3

Let all the assumptions from the previous Theorem 2. Then
(x")nen converges to x almost surely.
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EXAMPLE: Autonomous NSDE

x(t) — D(t,x(t — 7')) = n(0) — D(to, 77(—7'))

+ /t f(s,x(s),x(s —7))ds (44)

+/ g(s,x(s),x(s — 7))dw(s), t€ [t, T],
with initial condition 7(6) 2 0 for each 0 € [—7,0].
- One-dim. (d’ = 1) Wiener process w, Eq. (44) is d-dimensional
- T >ty >0and 7> 0 are such that (T — tp)/7 is rational
For e = (1,...,1) € RY, the functionals D : [ty, T] x RY — R?
and f,g : [to, T] x R? x RY — RY are defined as

D(t,y)=lyl*y., f(t.x,y)=x+IyPy, g(t.x,y)=x+]y|%e

All of the previous assumptions are satisfied with
my = my = m3 = 2, so, Theorem 2 provides the LP—estimate
E sup |x(t)—x"(t)|" < Coop/2ta,

te[to—7,T]
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CONCLUSION
@ The goal was to construct the approximate solutions of various
types of SDEs defined on a partition of the time interval.

@ The coefficients of initial equation are approximated by theirs
Taylor series in the case when they behave like polynomials.

@ The closeness of the initial and approximate solutions is
estimated in the sense of the LP-norm and with probability
one.

@ Examples which illustrate our findings are presented.
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