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What happens with Brownian particle B; in R? as t 1 00?

Classical result:
d >3 = Transience: ||B:||g — 00 as t — 00 a.s.
d=1,2 = Recurrence: 3rp > 0 s.t. liminf, o ||Be]la < ro a.s.
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What happens with Brownian particle B; in R? as t 1 00?

Classical result:
d >3 = Transience: ||B:||g — 00 as t — 00 a.s.
d=1,2 = Recurrence: 3rp > 0 s.t. liminf, o ||Be]la < ro a.s.

Reason: Harmonic function u: R\ {0} — R, Au =0, equals
d>3 — u(x) = 1/|x|¢2
d=2 = u(x) = log||x]2
d=1 = u(x)=x
Hence
d >3 =— u bounded at oo
d=1,2 — v unbounded at >

Question: can spacial restriction of B; change its behaviour as t 1 0o?
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D= {z=(z,y) € Ry x R: |ly|l4 < b(x)}
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Zy= 2+ [y SY2(Z)dW, + [ ¢(Z,)dLs
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Assumptions:
(D1) D is a smooth domain.
(C1) % is bounded, Lipschitz and uniformly elliptic: (5(2)v,v) > 6||v||3,,.
(V1) ¢ : 9D — R4 C? vector field, sup,egp [|¢(2)]lar1 < 0o and inf.cop(gp(2),n(z)) > 0.
Here n(z) is the inwards pointing normal for z € 9D.

Generator Lf(z) = lim;_,o E,[f(Z;) — f(2)]/t of Z on f € C?(D) equals

Lf = %Tr(ZV@V(f)) with core {h € C3(D) : for z € 9D, (Vh(z), ¢(z)) =

0}



Existence and uniqueness of (Z, L)

t t t
(%) Zt:z+/ Zl/Q(Zs)dWer/ 6(Z)dl, & Lt:/ 1{Z, € HD}dL?
0 0 0

s )

Theorem (MMW23)

Let (D1), (C1), (V1) hold on D = {z = (x,y) : |lylla < b(x)}.
Then there exists a strong solution (Z, L, 7¢) satisfying () and
pathwise uniqueness holds. In particular, (x) defines a continuous
strong Markov process Z on the time interval [0, 7¢) and

tlmwg | Z¢llgs1 = t|'="r72 Ly = 00, on {7 < o0}.

Proof via approximation by increasing sequence of bounded domains and
applying existence/uniqueness [LS84]. Main technical obstacle is
verifying that explosive paths do not oscillate:

liminf || Z¢||g+1 = 00 on {1 < o0}.
tt1e



Structure of the talk

s x — 00, boundary b: Ry — Ry is sub-linear (b'(x) — 0) and
1 Asymptotically oblique reflection “away from” the origin —:

(#(2), ex) = 50 >0
2 Asymptotically normal reflection:
(8(2),ex) = 0
3 Asymptotically oblique reflection “towards” the origin «:
(¢(2), ex) = 50 <0

D= {z=(z,y) € Ry xR : [ly[la < b(2)}
b:R, =R,

Zy =z + [y SV Z)AW, + [y ¢(Z.)d L,
O L= [1{Z, € oDNL; 0<t<re

Tg-explosion time R,

%
Assumptions:
(D1) D is a smooth domain.
(C1) S is bounded, Lipschitz and uniformly elliptic: (S(z)v,v) > d||v[|3,,.
(V1) ¢ : 9D — R C? vector field, sup.yp [|¢(2)]lar1 < 00 and inf.cop(d(2), n(z)) > 0.
Here n(z) is the inwards pointing normal for z € dD.




1 Asymptotically oblique reflect. “away from” the origin —

]Rd

D= {z=(2,y) € Ry xR?: [lylla < b(x)}
bR, >R,

Zi=z+ [ISV2Z)AW, + [} ¢(Z,)dL,
Y L = [z, coDYAL: 0<t<e

o Te explosion time R+
[

Assumptions:
(D2) D is generalised parabolic, lim, o b'(z) = 0 and lim,_q, % = e (—o0,1).
(C2) limg 00 (€2 3(2), €5) = 07 and lim, o Tr(3(2)) — 02 = 03, for some 0%, 05 € (0,00).

(V2) (¢(2), €x) = 5o+ o(1) and (¢(2), —ey) = co+ 0o(1), z — o0, for so, o € (0, 00).

Think b(x) = ax”? for large x >> 1, some a > 0 and 3 € (—o0, 1).
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Theorem (MMW23)
Suppose that (D1), (D2), (C), (V), and (A) hold.
Explosion: If B(oo) < oo, then sup,cp E,7¢ < 00, and

lim X; = I|m Ly = oo, P,-a.s. for every z € D.
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Explosion and strong law

Last piece of notation: for x € R,

= /X b(u)du, and B(o0) = lim B(x) € [0, o9].
0 X—r 00

Theorem (MMW23)
Suppose that (D1), (D2), (C), (V), and (A) hold.
Explosion: If B(oo) < oo, then sup,cp E,7¢ < 00, and

lim X; = I|m Ly = oo, P,-a.s. for every z € D.
tt7e ttre

Non-explosion: If B(co) = oo, then, for every z € D,
P,(rs = 00) =1, and we have the strong law
B(X:) — lim B(lIZ¢]ld+1) _ so0”

lim = P,-a.s.
t—oo t t—00 t 2¢0 0 ¢
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® |f 3 =—1, then IP)Z(Tg = OO) =1, and

log || Z 2
lim og[|Ztla+1 =27 , P,-a.s.  (exponential growth)
t—00 t 2acy

° If € (—1,1), then P,(7¢ = o0) =1, and, P ,-as.,

(1 + 5)500’2

1
fenc)
) (superdiffusive transience)
2acy

. 1
Jim 75 2o = (



Explosion and strong law - Remarks

® For any 3 < 1, we have || Z; 4+1/V/t = o0, a.s.; this superdiffusive
transience is an example of the phenomenon of anomalous diffusion.

® Around critical window 8 = —1, non-explosion with arbitrarily fast
escape; e.g. b(x) = 1/(xlog x) yields double exponential growth.



Explosion and strong law - Remarks

® For any 8 < 1, we have ||Z;||4+1/+/t — 00, a.s.; this superdiffusive
transience is an example of the phenomenon of anomalous diffusion.

® Around critical window 8 = —1, non-explosion with arbitrarily fast
escape; e.g. b(x) = 1/(xlog x) yields double exponential growth.

® Explosion to infinity driven by reflection has not been documented,
but cf. corner trapping in domains with non-smooth boundaries
(VARADHAN & WILLIAMS, 1985) and explosions for diffusions on
manifolds (GRIGOR’YAN, 1999).

e Existence results for diffusions with oblique reflections [LS84, SV71]
do not admit explosion (not applicable to unbounded, narrowing
domain).



CLT in the superdiffusive regime

Theorem (MSW26)
Assume (8 € (—1/3,1) and b(x) = asox? + o(xC#=1/2). Recall

1
1t 1+8
X /tTF =X ¢ = <(1;3255000 ) a.s.




CLT in the superdiffusive regime

Theorem (MSW26)
Assume (8 € (—1/3,1) and b(x) = asox? + o(xC#=1/2). Recall

1t 2\ 1+8 L. .
X /tTF =X ¢ = <%> a.s. In distribution, we have

-

1
(Xt - Cltm Yt

i , ﬂﬁ>—>/\/®u, ast — oo,
dooCl tTo8

where N is a centred Gaussian law on R with variance v given by

d
o3 1+ 0 s3
272 0o 0 00
vi=q Ty 35 (Zo,o + 2 aoo(jgl Yo /]Bd yir(dy)

d
+aooZZJ‘?f,’(/

jk=1 B

, YJyku(dy)>)

and i a stationary measure of a reflected diffusion on B.




CLT in the superdiffusive regime

-1 -1/3 0 1
. ' A "8
Non-ergodic fluct. Normal fluctuations
Xy — cgtt/(1+H) X, — et/ HB) oINS
~ t/WHD-L s E MSW
Ergodicity for the normalised y-component
Yi/b(Xy) ~
Explosivity Superdiffusivity diffusivity
T < o0, Xy t_’>T +00 X, ~ ¢t/ (+5) X, ~Vt
—



CLT in the superdiffusive regime

-1 -1/3 0 1
. - =3
Non-ergodic fluct. Normal fluctuations
X, — ¢y t1/ (146 X, — etV 48 o \IN
~ /) =1 5 MSW
Ergodicity for the normalised y-component
Yi/b(Xy) ~
Explosivity Superdiffusivity diffusivity
3T<w,X,ﬁ+oo X, ~ ¢t/ (+5) X, ~Vt
—

Loss of CLT at 8 = —1/3: we prove (X; — cltﬁ)/\/f does not
converge weakly for 8 € (—1,—-1/3).

Non-ergodic fluctuations appear to yield an almost sure limit for domains
that shrink faster than b(x) oc x~1/3



Model assumptions: asymptotically normal reflection

A
RY

D= {z = (2,y) € Ry xR? : [ylla < b(a)}
bR, 5> R,

Zy =2+ [LSVX(Z,)dW, + [! 6(Z,)dL,
™ L, = ['1{Z, € 9D}L,; 0<t<Te

Te-explosion time
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Think b(x) = ax? for large x >> 1, some a > 0 and B € (—o0, 1) and

¢(z) = n(z)= \/% z€dD, & = (0, ;). ex = (1,0) € R x R9.



Model assumptions: asymptotically normal reflection

A
RY

D= {z=(z,y) € R xR : [lylla < b(z)}
bR, 5> R,

Zy =2+ [LSVX(Z,)dW, + [! 6(Z,)dL,
™ L, = ['1{Z, € 9D}L,; 0<t<Te

Te-explosion time

Assumptions:

(D2) D is generalised parabolic, lim,_, V'(z) = 0 and lim, o &2 b =pe€ ( ,1).

(C2) limy o0 {€x2(2), €2) = 03 and lim, o Tr(2(2)) — 07 = 03, f01 some 07,02 € (0,00).
(V2) (#(2), ex) = b'(z)s0 + o(1) and (p(z), —ey) = co + 0o(1), & — o0, for s,y € (0, 00).

Think b(x) = ax? for large x >> 1, some a > 0 and 3 € (—o0, 1) and

¢(z) = n(z)= \/% z€dD, & = (0, ;). ex = (1,0) € R x R9.

[BMW25](Thm 4.1): P,(7¢ = o0) =1 for all z € D and Z is diffusive:
sup B[ Z[[541/(1 + 1) < 0.

teR .



Phase transition: recurrence/transience

Co(Tf

Sodg

Critical exponent for the phase transitions will be 5. =




Phase transition: recurrence/transience

Coﬂf

Critical exponent for the phase transitions will be g, = P
2

Theorem (BMW25)

Suppose that Assumptions (D2), (C2) and (V2) hold and the
process Z solves SDE (x). Then the following statements hold for
all starting points z € D:

(a) if B € (—o0, ), then Z is recurrent;

(b) if B € (Be, 1), then Z is transient;

(c) if B = B and additional assumptions are satisfied, then Z is
recurrent.

This theorem extends [Pin09] where (d + 1)-dimensional BM with normal
reflection was studied for 5 > 0. In that case 8. = 1/d.



Transience: 3 = 0.65 > 0.5 = 5,

——

—40 A —

0 50 1(I)0 1%0 2(I)0 250 300
X
Martingale in interior, pushed away at boundary. Normal reflection,
02=05,05=1. (If 6?2 =03 =1in D C R? Z not transient.)

‘ Time



Return times of the reflected process
Tails of return times of Z = (X, Y) € R, x R? below any level r > 0,
G =inf{lt e Ry : Xy < r}.

The critical exponent in that case is equal to m. := (1 — 3/5,)
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Theorem (BMW25)

Suppose that Assumptions (D2), (C2), (V2) hold and the process

Z solves SDE (x). Then the following statements hold.

(a) B € (Be,1): for any level r € (0,00) and starting point
ze€DN(r,00) x RY, we have P,(s, = o0) > 0.

Proof uses ideas from [BM26], more on this perhaps later ...
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Tails of return times of Z = (X, Y) € Ry x R? below any level r > 0,
G =inf{lt e Ry : Xy < r}.

The critical exponent in that case is equal to m. := (1 — 3/5,)

Theorem (BMW25)

Suppose that Assumptions (D2), (C2), (V2) hold and the process

Z solves SDE (x). Then the following statements hold.

(a) B € (Be,1): for any level r € (0,00) and starting point
ze€DN(r,00) x RY, we have P,(s, = o0) > 0.

(b) B € (=00, Bc): for any e > 0, level r > 0 and starting point
z€ DN (r,00) x RY, there exist Cy, C, € (0,00) such that

Gt "7 <P,(s, > t) < Gt~ ™t forall t € (1,00).

Proof uses ideas from [BM26], more on this perhaps later ...



Null recurrence: 5 =0.1 <1 = g (m. = 0.45)

‘ Time

_20 T T T T T
0 50 100 150 200

X
Normally reflected BM in an unbounded expanding domain. Tail o return
time decays as t 7945, t — co. (“less” recurrent than scalar BM.)



Invariant distribution and the rate of convergence

Theorem (BMW?25)

Let (D2), (C2), (V2) hold & 3 < —B. Then reflected process Z
in (x), has a unique invariant distribution 7. Define

M. := —(1+ B/B.)/2 > 0 and pick ¢ > 0.
(a) 3 constants c,, C; € (0,00) such that, for r € [1,00),

cor2Me—e < 7({z€D:|z|lgs1 > r}) < C,r—2Mete.
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Theorem (BMW?25)

Let (D2), (C2), (V2) hold & 3 < —B. Then reflected process Z
in (x), has a unique invariant distribution 7. Define

M. := —(1+ B/B.)/2 > 0 and pick ¢ > 0.
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crv, Cry € (0,00) such that, for t € [1,00),

eyt < |[P(Z; € 1) — 7|ty < Cpyt™Mete

In particular, as a corollary, we get w(9D) = 0 and



Invariant distribution and the rate of convergence

Theorem (BMW?25)

Let (D2), (C2), (V2) hold & 3 < —B. Then reflected process Z
in (x), has a unique invariant distribution 7. Define

M. :=—(1+ 3/B:)/2 > 0 and pick € > 0.
(a) 3 constants c,, C; € (0,00) such that, for r € [1,00),

cor2Me—e < 7({z€D:|z|lgs1 > r}) < C,r—2Mete.

(b) for any starting point z € D of Z, 3 constants
crv, Cry € (0,00) such that, for t € [1,00),

crvt M < |Py(Z; € ) — ||y < Crvt Mete

In particular, as a corollary, we get w(9D) = 0 and

im log |P,(Z; € -) — 7||Tv _ 1 im logn({z €D : ||z|lg+1 > r}) — M.
t—00 logt 2 r—oo log r

Proof based on lower bounds from [BM26]: pathwise arguments yield
(a), while (b) requires idea from [Hai08].



Positive recurrence: = —-1.2 < -1 = —f. (M. =0.1)

‘ Time

_6 T T T T T T
0 10 20 30 40 50 60

X
Normally reflected Brownian motion in an unbounded narrowing domain.
Tail decay: 7(||z||2 > r) =~ r~92; Convergence in TV: t7%! as t — co.



Remarks

Heuristic dynamics [Pin09]: dL; ~ 02 /(2cob(x))dt, when X; is at level x.



Remarks

Heuristic dynamics [Pin09]: dL; ~ 02 /(2cob(x))dt, when X; is at level x.

d)~(t = 5~ dt + th, for large times t and values )N(t

c/\t

® Expanding domain 8 > 0: Z asymptotically Bessel-like.
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Remarks

Heuristic dynamics [Pin09]: dL; ~ 02 /(2cob(x))dt, when X; is at level x.

d)~(t = 5~ dt + th, for large times t and values )N(t

c/\t

® Expanding domain 8 > 0: Z asymptotically Bessel-like.

® Narrowing domain (8 < 0): Z heavy-tailed Langevin diffusion-like.

e Assymptoticaly flat domain (8 = 0): Z martingale-like (m. = 1/2).
Lyapunov function have been applied to reflecting BM with interior drift
to get upper bounds on tails of invariant distribution and TV rate [Sarl7].

Novelty of our approach:

@ Normally reflected BM exhibits behaviours from transience to
stability in any dimension with no interior drift.

® Single class of Lyapunov functions covers all non-critical cases.

©® Lower bounds on the tail of invariant distribution and on the rate of
convergence, that match upper bounds.



Asymptotically oblique reflection “towards” the origin <

]Rd

D= {z=(z,y) € Ry xR?: |ly[la < b(2)}
bR, >R,

Zi=z+ [LSV2Z)AW, + L 6(Z,)dL,
™ 1, = ['1{2, € 9D}L,; 0<t<oo

©g

Assumptions:

W@ — 5 (—o0,1).

(D) D is generalised parabolic, lim, ., b'(z) = b"(z) = 0 and lim, o )

(C) © = 00" is uniformly elliptic on D and sup,p [|Z(2)]| < oc.
(V) sup,ep |¢(2)]|a+1 < oo and reflection points asymptotically towards the origin:
30 > 0: (P(2),e,) < =6+ 0(1) and (¢(z),e5) > d + o(1) as & — oo.

Think b(x) = ax? for large x >> 1, some a > 0 and B € (—o0, 1).
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Tail decay of the stationary distribution 7
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Asymptotically oblique reflection “towards” the origin <

Tail decay of the stationary distribution 7

" du
Define Ip(r ::/ —— forall re[l,o0
b() L b(U) [ )

Theorem (BCM26: invariant distribution 7)
Let (D), (C), (V) hold with 8 < 1. Then Z has invariant
distribution m on D and 3C; , ¢, ct, CF € (0,00) s.t., Vr > 1,

T T )

Cr exp(—c; Ip(r)) < a([l - a1 > r) < Cf exp(—c Ib(r)).

Lower bounds follow from [BM26] for 8 € (—1,1).



Asymptotically oblique reflection “towards” the origin <
Tail decay of the stationary distribution 7

" du
Define Ip(r ::/ —— forall re[l,o0
b() L b(U) [ )

Theorem (BCM26: invariant distribution 7)

Let (D), (C), (V) hold with 5 < 1. Then Z has invariant

distribution m on D and 3C; , ¢, ct, CF € (0,00) s.t., Vr > 1,

Cr exp(—c; Ip(r)) < a([l - a1 > r) < Cf exp(—c Ib(r)).

Thus, Ve > 0 exist C- ct.,Cr_ e (0,00) s.t, Vr>1,

m,er Cmer Crer Corie
C‘Ir_,s exp(_C;srl_ﬁ+€) < ﬂ—(” : Hd+1 > f) < C7Jrr,s exp(_c;rhsrl_ﬁ_a)'

If3C,c > 0s.t. cr® < b(r) < Cr? asr — oo, we can take ¢ = 0.

Lower bounds follow from [BM26] for 8 € (—1,1).
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vt > 1.
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Theorem (BCM26: rates of convergence to stationarity)

Let (D), (C), (V) hold with 3 < 1 and recall B(x) := [, b(u)du.
(@) B€0,1):VzeDande >0, 3G, cr, cu, Cuy € (0,00) s.t.

G exp(—ct T +°) < |[Po(Z: € )—7|lvy < Cuexp(—cut™ ),
YVt >1. If3C,c >0s.t c < b(r)/r’ < C asr — oo, take e = 0.
(b) 8 <0: Yz €D, 3¢, C(z) € (0,00) such that

|IP.(Z: € ) — 7||ov < C(z)exp(—ct) forall t € [1,00).

Furthermore, if B(co) = oo, then the following limit holds:
lim  ||P,(Z;€:)—n|lrv =1 forallte[l,oc0).

|z]| =00,zeD

(c) B(x) < 00 <= Z is uniformly ergodic: 3¢, C € (0, 0) s.t.
sup ||[P,(Z; € -) — 7||rv < Cexp(—ct) forallt €[1,00).
ze€D




Oblique reflection <—: subexponential ergodicity g € (0, 1)

Subexponential ergodicity with 8 = 0.5



Oblique reflection <—: uniform ergodicity 5 < —1

Uniform Ergodicity

Uniform ergodicity with g = —1.1



Oblique <—: descent from infinity under uniform erg.
Recall B(x) = [;" b(u)du and SDE satisfied by (ZZ, L#), for any z € D:
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Recall B(x) = [; b(u)du, let B(c0) < oo, set T(x) := B(oo) — B(x).

Theorem (BCM26: speed of descent from infinity)
Assume (D), (C), (V) and B() < oo. Then

sup

-a.S.
o0
t t—0

0 < liminf LUZeled) o TUZdId) ) p
t—0 t

Assume Jo2 > 0 and Jsy < 0 < ¢g such that, as ||z||114 T 00,
sup [trZ(z) — (Z(2)ey, &) — 0% — 0,

sup \<</>(Z) ex> so| — 0, sup [(¢(2), —ey) — co| — 0.
z€0D

z€0D
Then Py.-almost surely as t — 0 we have
T 2ell1+4) 5002 L 1
- — Sy -
t 2¢p |1 Zell1+a

If b(r) ~ ar® (asr—)oo)andﬁ<—1(<:> B(x) < o), then

Zill14d tl0 to &
|,|51/t(y+;) = (—s00%(1 + 8)/(2)) wg

t
s 0 <0




Closing remarks

® This work extends results from [Pin09], who studied the case with
normal reflection, ¥ = Id and non-shrinking domains (8 > 0),
observing transitions between transience and recurrence only.

® Super/submartingale methods for lower bounds for tails of return
times developed for the reflected diffusions are applicable to general
continuous semimartingales and yield lower bounds on tails of
invariant distributions in other contexts [BM26]. Both [BMW?25]
and [BCM26] rely on these ideas.
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This work extends results from [Pin09], who studied the case with
normal reflection, ¥ = Id and non-shrinking domains (8 > 0),
observing transitions between transience and recurrence only.

Super/submartingale methods for lower bounds for tails of return
times developed for the reflected diffusions are applicable to general
continuous semimartingales and yield lower bounds on tails of
invariant distributions in other contexts [BM26]. Both [BMW?25]
and [BCM26] rely on these ideas.

Oblique reflection — (resp. <) in [MMW?23] (resp. work in progress
[BCM26]) leads to anomalous diffusions and explosion in finite time
(resp. sub-exponential, exponential and uniform ergodicity).
Domains asymptotically narrowing to zero are not included in the
classical case of reflected diffusions studied in [SV71].

Alternative PDE approach to classifying invariant distributions on
domains outside of the scope of [SV71] is developed in [KR14]
(convergence to stationarity not discussed in [KR14]).

Many questions about RBM Z remain open!!
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Structure of proofs

Our approach: deduce the long-term behaviour of Z from return times
to the compact sets!

A
Rd

Xt =+ fO 61}7 )dW + fo 6x7 )>dL57‘T >r

— ["1{z, 8D}dLS, 0<t<oo T/—qﬁr\




Structure of proofs - transience 5 € (f¢,1)

Recall 8. = coo?/(s003) and <, := inf{t € Ry : X; < r}. We prove for
every Zp € (r,00) x RY, the return time P, (s, = 00) > 0

R4

Xt _1‘+f0 e, 2(Zs)dWs) +f0 er, 0(Zs))dLg;x > 1
=iz, e 8D}dLs, 0<t<oo .




Structure of proofs - recurrence € (—o0, f¢)

Recall m. := (1 — 3/fc). We classify the tails of return time
ctMe¢ < P,(¢, > t) < Ctmete,

b

Xy =+ [ylen 2(Z)AW,) + [y (ew, ¢(Z,))dLgx > 1
L= [, {Z, € 0D}Ly; 0<t<oo

r Zo
i zﬂ%

Sr

Ry

\J



Structure of proofs - positive recurrence g € (—oo, —f.)

® Return times are analysed via Foster-Lyapunov super/submartingale
criteria for general continuous semimartingales.
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® Return times are analysed via Foster-Lyapunov super/submartingale
criteria for general continuous semimartingales.

® This is a crucial for establishing existence, upper and lower bounds
on the invariant distribution. But not sufficient!

® |nvariant distribution also requires local properties of Z. We prove:
all compact sets are petite, Z is irreducibile and Feller continuous.

® | ower bounds on the tails of 7 require lower bounds on return times
and the fact that every petite set of Z is bounded.

® |ower bounds on the rate of convergence in TV are obtained from
lower bounds on tails via [Hai08].

What super/submartingale are suitable? Inhomogeneity of state space D
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A Lyapunov function
For any v € R and w € R\ {0}, let

2 v/w
fw~(X,y) = (x + kw)” (1 +w(l— W)2(X||j/‘||;<jw)2> .

Consider the process k; := f, (Z;). 1td’s formula:
1
dfy(Z0) = 5 Axfun(Z)dEH(V iy (2:), 6(Z))dLetdMy, for 0 < t < oo,

where
® M is a local martingale;
® Asfy(x,y) = C(w,y)x7"2 + o(x772) as x — oo, where the sign
of C(w,~) depends on the parameters;
® define wp := 1 — 556/, then for large x € Ry we have

if w> w,

0,
0, if w< wg.

<
(Vi 0(x,y)) >

)

{<Vfw,7,¢(x7y)>



Technical difficulties
The super/submartingale criteria provide precise characterisation of tails

of return times. But ergodicity requires also local behaviour, e.g. Feller
continuity and irreducibility.

A

Rd
Zi =2+ [} S(Z)dW, + [ ¢(Z,)dL,
) L, = 1z, e 6D}dLS, 0 g t < o0
2
dL; ~ mdt ¢¢ AL, ~ #(u)dl R
¢ ' R

Feller continuity is a technical challenge. In a shrinking domain, local
time accumulates very fast! Classical approach of [SV71] does not work.
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